
���������
	�	���������� ��������	��������������������������� �

!#"%$&$('*)+"%$(,�"%-/.0-

1�24365879243;:<:<=>24?�@�A6B�C>AD2FEHGJIK3;G�3;=L:M58N<792
O>PRQ>SFT;=LPRNUS4?VPRN<:MBF@�:MT;36B

1�24365879243;:<:<=>24?�W62X3;:<NU2FT;36BF3;:M58365Y58?�NU24:<36B>T
T;PL=HT;P[Z>\>\4]





^�_6`acb;dfe

gihkjmlonqpRrsrut v
gihkjmh�wHxzyls{8t}|�~�pR�f��jhf�fls�R{ �
gihkjmh��fxzyls{8t}|�~�pR�f��jhf�fls�Hlu��t4���Ht4��t4�q�Rlu��lu�kt}� w�v
gihkjmh���x��&pRrurs��n�t4��rshkjmhk���H�R�8��nqpV�qpR��pL{�|�ls{8t}|�~�pR�f��jhf�fls�H|q|qp �R�
gihkjmh/�kxzyls{8t}|�~�pR�f��jhf�fls�Hlu��t4��ruhkjmhk���H�R�q� �R�
gihkjmh�vfxzyls{8t}|�~�pR�f��jhf�fls�Hlu��t4��{8lsr�pL{�nqpJ|�luls��{;�����{ ���
gihkjmh���xzym�f�� Y¡k�q�L��jmh��lu�Hls|�{Yp ���
gihkjmh��fxz¢£hkrs{qlu�krst¥¤m�;jmh��lu�Rlu|�{8p vHv

giluls{qt ¦%x�gihk�R�k�k�Hrsrulu|�t}{�ruh��h�{§nqpJjR�HjL�H��pRls|qrsh��h�{ vR�
giluls{qt�¨Xx�©��HjR�H�kpRlu|�ruhkjmh�n�t}�ªnq�R�R�k�k«H|�ruhk�RjLp�{�����khkrs�

n
�H�

giluls{qt�¬Xx® �L�qt4rsruls|�{8t}�[n��HhkjmjR��n�t4���¯t4���ªh�{8pHpL{8ls�R{ ���
giluls{qt�°%x�±²hkrst4�qls��ruh��h�{ �fw
giluls{qt�±�xz¢/«H³klshk|qls���Ht4��|qls� �Hv
giluls{qt�´�x¶µct}�qjmjR�L{8t4�R�ql�pL�£{qt4�q��lu���Hru�H�Rl�pHp �H�
giluls{qt�·Vx®©�lu�KnqpLruruls|qhkhf{q{Yp �R�

¸





¹ªº0» _<¼m½cb6b6¾

¿R�H�k�Hrst4t}�8pRhk|�jmh��lu�Hls�kt4�����L{8ls�R�Hlu��l�p���pL{qt4��pHpL{�{8lu|�l�pÀj��|���%�jm|qlu���H��{8h�{D�
jmls{q{qh��LpR|�{8pÁwF�H�HÂ���ruh��hk�ÁpRrshk|�{8p�r��R¡�{qlut4�ÄÃ&|�t4��nq�RrujLt4t4�Ájmhk�Á�¡k���|��LpRrU{YpRrupRlU�
�kt4�ÆÅÇ�m�|qlsjjL�£¨��qhk }tVÈ�lut}��pR����t4|�ls{q{ql&{8p>�LpR�Æ��t4��jmls{Y��jhf�fls�Hls{8p�ruh�jh�n��H�k�HlsrU�
r�p�pR��{qlujmjRt}rulu|�|8pÊÉUË�Ì�ÍÎx<ÏV�²lupR��{Y�L���R�Ænq�RrujLt4t}�Ð��pL{qt4��pHpL{qlujmjR��¦Xrurst4�Ð©��mh�{D�
|q�H��Ñªjmlu�Kn��Rls{q{ql�pRls¡kt4t}|�{8p�t4��lu�k�R��pRls|qt}�/n��H¡k��pR���k�H�ÒÉÔÓ�ÍÎÃÕn��RjLp�jmhkls{qt4�kj�pHpL�Öt}l
�Hrut0��p�{8t4��pHpL{�{8ls�kt4��pR��{qlujmjRt}rulÎÃm�LpHpR���klsjRt}����lu�kjmls��j��F�{8�R�k�k«R�ªn��R�k�Hru««H��lururst
|qhkh��k��pL{�{8h�{8t4jm|D{8lÎx
µ×pR|�{8pHpF�LpR�kr�pLlu|qlup�n��H���Hru««H�qt}lursrut�|qhkh��k��pL{�{8h�nqpV{8t}j|D{8t;nq���H��|�ls{q{qt4����ls�Øjmlu�Çn��HlU�
{8t¥{q{8h���pRron��R�kjmlu�ÀÙÚj�pL{q{8pF�fls��rslut4��t4t�ÉsËHÍ�Û¥Ã¯�ªh�{q{8p���pL{8t}��pRpL{q{qlu|qlup%{8t}j|D{8t;nq�ØpRlU�
¡kt4t}|�{8pÁ�R�Ê{8�Hls|�{YpLlu|qt}jm|ql �Hrst4��pR|q|qp��LpRlu���ªhkh�{8pR��pfxÜÈ�lst4�k�H|�|8pR��l �H�ÐjR�Rru��t
n�hkruj�pRls|�{qh�pØpR�D{8lujmjLt4rulup�ÉÔÝ�Þ�ßiÞ ËfÝ�Í²|�t4j����fjm|�l²jls�KnqpÆÉUËàkÍáÃâ�ªhf{q{YpØ�¡�{8t}���Rlu��t4�
n��H¡k��pL�m{q�[��hkh�{q{qhkh�t}�kt4rsrut}t4�âãmpR�D{8lsjjLt4rsls{²�>�LpL{c{8lsls�lulU{Y�cnqp�t4��lujR�Rlu|�{qhk�kt}ls{YpfÃHjmlu�D�
nqpª{YpHpR|�t}�kt4�����R��¡�pRjmh�{8t}�H|�{;�m��k�kls�kt4�Äx
È��R���R� {8t}j|D{8ls��{8pR�qjL�Hls{qhk|i�H���Hrsr�pÜ��pL{qt4��pHpL{q{qlu�kt}�X�LpR|�{qlu�ktä©��mh�{q|q�H��lu��{8t}j|6�
{8lsrurutªÉåÓ�Í����H�R�qlU{8t}ru��lu�kt}t4�âÃr�pRh�|qt4ls�kt4t}�VnqpV{8��kls|�{8h�j|�lu�kt}t4�âxæÈ(t4jm|�{qlu��������R�D�
{Y�R��lu|�t4t}��t}lk{YpR�D�ls{Yp×n��R�k�Hrut}t4�qpRhk|�{8pRls{q��nqp�xH¢�pL{8t}��pRpL{q{qlu|qls|�{8p jL�L|qls{�{8t}lu|�{8�X{8hk��
�kt}{qhklujm|�li�Hrut¥{8t}{8pHpR�

��n��HhkjL�H��j��R|qlU{8tÕnqp(n��HhkjmjL��n�t4�9�Õt}�qhk|�r�pR|�jmh�{8�Hls��lU{8hkjm|�t}{×ÙÇ�f¡��klu|D{8tRÃ4rut4lsjH�
j�pRhk|}Ã�t4�q�L{8hk|}Ãæ{qhkru��n��HhkjmjR�mÛ

��ÅKhk�kj�{qlu�H��jL�L|qls{qt/ÙÚ�%�R«H|[j��R|�ls{�{8t4t¥{%ls��n�t4j�{qlu�kÃâ|�hk�Kn�t}j�{8lu��Ã(³�lon�t4j�{qlu�%nqp
�¡k�kls|�{8t¥{q{;��ÅKhk��jm{qlu�mÛ

��³kls�k�H��lujRt}�q���Hlu�
( n

k )
nqpV|�t4�£jR�H�ª³�lu��pL{q�H�qls�kt4��{qhkrujmlu��{8p

��jR�RjR�H��pLlu|qrshkjmh�n�t4�Ð�¡�{8t}t4�f�8Ã�jRt}��{8���Xnqp£nqpRjR�Rr�pR|�jhÐ|�t4j��*|qhk����pRhk|D�
��t4�qjmls�k���R� ∑ j��F�m{q{q«kx

çX�RlU{Y�V�H�Hl&�H�kls|qjRt}rurup�t}|qlu��t4��jmlujm|ql�{8t}�Hjm|qt4|D{Yp�ÉUËèkÍáxâ¢£hkh�{X{8pR���lU{q{YpF�LpL{0��p�{8t¥�
��pRpL{q{qlu|qt¥{�j��R|qlU{q{qt4t}{�t}|qlU{8t4rsr��H�L��rs�¡��Ht4|D{8li{8t}jm|�{8ls�/rslulU{q{8t}lu|�|8��x

Ïáé}ê¥ë�ê}ì�íDîÎï4ðåë�ë�ñ¥ëJï¥í�ï>òÚðåóYñYô�ôáê}ðåòáðåòÚôÎõ}õöë�îáðåðÔ÷�÷�ø�ì�õYôáôÎõªùâðÔí�ì�õöë�ë�ðåë�úuûÄõöüÔôáíqý�þLÿ�üåðåòÎñöï>òáðì����}ò���õ¥ø�ü��äüåðÔì�í�ï/ú	��õöë4ôÎõ�ûÕîÎø�
qÿ�Úõ���ðåï¥í��§õ��/úuûÄõ¥ì���îÎð����¥í8ÿ��æïYõöðåïFïFð�ë�ê¥ðåë�óFø�ê¥ë�ë�õ
����� ��!Ñ;þ4ôÚôÎ÷#"%$�$8ì�õöôáþ ! �Lí�îáï}íDüåí&� ! í��>ø'$)(LõöüåüÔí�ë�ï

*



gihkjmh�n�t4��w}�������H�HpR|�l�pRrsruls|qt4�kp�ru�R¡�{8t4t}���JÙá©��mh�{q|q�H�kls�ª{8t}j|D{8ls��rslu|q�Rjm|qlÇÛi�H�J�Hrsruh�{
pR��{qlujmjRt}rulÄÉåÝ�Íáxmg�hf�fh��Øv0{qhkru�Hjm|�lu|�{8p |qhkh��ql�jmhk�k�klup�jh�hkruhkh�¿HpR Yjª¨��>�f }t4rsrut,+YÃL{8lU�
r�pRj��R|�ls{�{8t4t}��ls|8�RrsrutLÃön��Hj�p��%�H«H|ÜjRt}��{8�Rl¯��lu�mhkrsrut�{q�f�kls|�{qhkjm|qt4��r�pRh�|qt4t}|qt}t4��vfxUw>Â�x
gih��h�{0�Xnqp��V�Hrut}����pR�q|�lu�mh�{�j�pR|qpHpR�£jL�F�m{q{8�Rt4��{8t}jm|�{8t;nq�/ÉUËà�ÍáÃiÉÔß�Í�nqp£É.-�ÍÎx
µ×pRlujmj�p ©��mh�{q|q�H� lU{8|�t�t}l��LpRrsls{qt}{q{8pF�RpL|�{8l��Rrut
jls�Kn��HlU{q{8pR�mh�{���p�{8t4��pHpL{�{8ls|�{Yp
�Ht}�q|qls�R{YpÆ{8t}jm|�{8ls|�{8�H�R�âÃc�H� ¡��R� �f|D{Y�F�lu�kt}t4��{qt4¡k���m{���pRls�klu�R� ¿Hp>�Lp���jmh��lu��p��
�klu��pHpL{�{8�H��lu�âÃ4n��Hj�pª{8�Rlu��lul¯lu��{8t}�q�kt¥{��;|�t4rupRlu��t4rsr�p[�R|q�HlU{q{8t}t4|�|8p
¡�{q{8�Äã�/0/�~�~�~�xÔ��pL{8¡Äx nD�hâx%12/43�¡�pF�LpR����pR�5/Yn�h��H�Hrut}�6/Yn�h��H�Hrut}�4x ¡�{8��r ÙÚ�HÂHÂRjfÛ¥x

¦X�kls��pRpL{q{q�H�qls��j��F�m{q{8�R��ls�kt4� {8t4jm|D{8lu� t4|qls��t}�qjmjmlut}� ¡�pF�RpLlu�k�k�Rruruls|�{8pR��ls|qt}j|�l
�H��|qhk�R|qls{qt4rU{YpF�LpHp�x
¿R�H�k�Hrst4t}�8pRhkjm|�t4|�{8p��rst4t4��|8��rulu|q�H�Ø�H|��Hls{�{8t4ls|q|qp�¡�{�{8�âã7/0/�~�~�~�x n�hk�H�Hrslu�k�R�k³âx  4�H�
nqpV¡m{�{8�âã7/0/�~�~�~�x n�hk�H�Rrulu���kxÔ�R�q�kx
80hk�R��pRhf{8t}{�{YpRjL�f�R���lut4ru��Ãæt}{�{Y��n��H���Hru««H�qlâ{q�f��t4rurupRjmlu�ªn��H�k�Hrst4t}�8pHp�Ã�{8pR�qjmlu|D{8ls�
pR|qlupR�/yfhk�H��t4��jmlut}rulU{8�Hls��ls|�{8�R|�{YpJw��fxå�fxÔÂR�kx
9;:<:>=)?2@BA,CD=DEF8XpRrsh�pR��jmluls{�{Y�H��jLpLlujmjml�p*pRrupR���klu�H��t4t4��t6nqp�Ã�t4�qlU{;�lu|qt}|�{ql�¨��qhk }t
È�lut}��pR���kl�p�Ãi¦0rurst4��©��mh�{q|q�H��l�pJnqp�¿HpR YjÀ¨Ü��� }tFpHG(lurs��pR�
¡kt}ls{Y��{8t}j|D{8ls��jmlu�D�
n��Hls{�{YpR��lu��t4���Rrulu|�lÕ�Rruruhf{���pR¡k�k�R{q�H��{Yp�xk¢£�H«R|�{;�R«kÃ�n��H��jLpJ¨�h�¡krut}�4Ãk±²ls|qt4�m³kh��âÃ
·��qpR¡�pR� nqpJIÀ��lu�H¡�{×{8t4jmlU�R��{�pR�D{8lujmjLt4ruls��ÉÔÝ�ÍÄjmls�Kn��HlU{q{YpL��ls|qt4|�|8p�Ã��R�Ø�Hrursh�{c{8t}j|6�
{8ls�[j�pR�k�kpRrs{8p��qpL{8j�pRls|qt}�LpHpfx�yfhkhk��t}{äjmlsls{8�Rj|�t}{&jmhkhkruhf�Rp�{§�klslu�9luj��H�R�9�k���RÅKt4|�|q�H��l
±²t4�q�Æy�pRjm|q��pR�klsrurut0nqp/´§È È&pR�kt}rul�80hkh�|qjR�R|qt4rsrut�{8t4jm|D{8lu�Àt4|qlU{YpR��jmlu|�{8pR��lu|qt}|�{8p
nqp
���H�kls|�{8p
��pL�8pR�k�mhk|�t4¡k���R{8hkjm|�lu|�{8p�Ã×|qt4j��Àrs�H�khkjm|�lX¿L�m�L�R|�jm�ru�R���ruls�H�klu|D{8�H�
��p�{8t4��pL{qluluj�pR��nqpª{8lurupR|�{q�R{8lst}{qt4t4��rupRls{q�Hjm|qt}rurut��LpR��pHpR��lut}ruls|qt4|D{Y�%lsru��pR�klslu�qls|�{8��x
¿L�m�R�L|qj��r��R|�|8���fxå��xå�RÂHÂL�
8XpR���qlÄµ×pL�q��pR��t4�

+ þ4ôÚôÎ÷#"%$�$�KLKLK ! òáê¥ë�ð ý ! ë�í6ôM$)(��Rê6�>ý6í6$N�Kø�� �¥üåðÔë�� ! þ4ôÎì�ü
O



gQPX©�P w

^�_�df¾i`#R�½TSVU »�ºXW _&Yäd

ËZEáËZE�[]\<C^:<A =�_BE ¿R�H�k�Hrst4t}�8pRhk|D{Yp��H�����H�kt4��r�pRls|�{Ypfxâ¿R��t4��lurupRlu|�l�p�n��R�k�Hrut}t4�qpRhk|D�
�L�Rruls�kt4lU{Y� �H��ruluhf{Yp�Ã}nqp��¡k�kt4rsr����R�Lrulu��t4t4rsr��X�R�Øhk|qt}lu���Hrut}��pR|�|8p�t4��lur�pLlu|qlup×n��H�k�L�
rut}t4�8pLhk|�{8pR�Õ�önqp�x§±²|�lu��t4�qjmlsj|�l���pLruru�Rlururup��H�Hl�¡�pR�q�qpR|�{8pHp��k|}xäjR�R�m{8pRj�{8l n��H�k�Hrst4t¥�
�8pRh�|�{YpfÃÕn��H|q|qp���pRrsru��nqp�t}l�¡kt4lU{8t4rsr���lsru��pHpR�âÃ��LpHpR� �klulU{Y���lut}�qls{qt4rsr��H�R�*��ls{8jmls�
j��R|qlu��nqp[�LpR�D{YpRrs��p�xfyfhk�H|�ls{�{8h�p9�H���%�H«R|��k|4xÅK�qt}t4|�{;�rst6n��H�k�Rrut4t}�8pRh�|4Ã�n��R|q|8p[��pRrU�
ru��nqpÆlsjL�R�R�Öjmhkls�a`;�q�Hls|qjmls{8pHpR�Á��ls{8t}�Á|8pL{�{8hkh4b£lsru��pR�*¡kt}ru�¯�H|�{ql�¡�pF�RpLls{q{8pF�RpRp
���m{8��l��V{YpLl(|q�H�R�k��«H�k�ªhkj�pRls|qhkhf{q{YpfxHc�rut}lu|�lu�ªn��H�k�Hrst4t4�qpRhkjm|qt}���ªhk�L{8���H��jmhklM�
{8t}�kjmlu�Øjmr�pL|q|qls�kt4��n��H�k�Hrst4t4�qpRhk|}Ã>n��H|�|8pª��pLruru�RlururupVÙK{8pRl¯�ªhklursr�p�t4|�lu�kt}lursr���Û§¡kt}ls{qt4rU�
r��H�L�����m{8��lu|�t4|�{qlit4��lur�pLlu|qlup�nqpRjm|��Hrurslu|qlup[jmh��lu�Rls{Ypfx
È��R|q|q�À{8t}j|D{8ls|q|8��{8pR�qj�pR|D{8t4rsr�pHpL�Öjmr�pL|q|qls|qt}��n��H�k�Hrst4t4�qpRhkjm|qt}�Ð��p�{8t4��pHpL{�{8ls|�{Yp
��pLrurulup�Ã�|�lursr��J�klu��t4�k�R��pHpL�/�D�{q��lknqp�nqpRjm|��Hrurslu|qh�hk|0��pR¡k���Hrurslu|�{8pF�Rp�{§n��H¡k�k�H��
�ªhkj�pRls|qt4��{8t}�H�qlupR���8pRjLt4��{YpL��ls|qt4�Äx�80t4lU{8t}rs{Y�F�l���t}|qls�kt4lU{Y��jmh�{8|�h�{YpHpL�ªpRls��p���pRrU�
ru�Hlsjm|qlÎÃm�LpRlujmj�pV�kt��H�HlU�LpL{��¡m{8��¡��m�lu�£�Hrurupª��lU{Y�[{8pR¡�pR��|8pJt4|qls�kt4lU{Y��x

ËZEuàBEd9feZA @HeZgh:&E�È(hk�k��t}{8h�lu� jmr�pR|�|qls�kt4� n��H���Hrut}t4�8pLhk|qjmh��lu� �H� ��pRj�pHpF�RpRp
j�pR¡k�kt}j|�lujmjR�Hp��ªhklu|D{8h�{�{YpF�Lp
jL�Hru��t4�Ö��pRrsru�H�Á�¯t4�qh�|qjmh��lu��t}rulji'kml6i'kDn'oÇÃÕn��H|6�
|8pØ��pLruru��nqp�¡kt}ls{qt}{Y�R�R�Æj��R�kt4|D{Y��{q�Hlu|�t4t4���hk�R�q�R{qt4rurst4���RlujRt4pRrurup nqp��RpL|qt4����pRrU�
r�pªj��R�kt}ruru��xk©�h��lu�L{Yp%�H�Rli¡�pF�RpLlu�k�k�Rruruls|�{8pHp[jL�f�H���klu�kpHpL{8ls|�{q�H|q|qp�Ã�n��H��jLpª�LpHpRj�p��
pRjm|qt}rulursr�p��R�[�D�{q��lU{8t¥{q{;��pLluj�p9ÙÚ���m{q��ls���LpR��|qls��pRlu|�t4t}�9���H�Õt}h�{8t}t4�[t4lmjmlulu���kls{qt}{Y�
¡mhk�H��lu�R{8p�ÛinqpV���f|D{;��pRjm|�t4rulsrurupJ�kpRrurs�H�ØjR�R�qjRt}hk|4ã

-1-2-3 0 1 2 3 4-4

V O V O V O V O

©�h��Lp�wHx�©�pR|qj�pR��lÎx
©�h��LpR|q|qp��¡k�kt4�Æ�kpRrurs�H�/�qpL{Yp��H�/�LpR¡��lu|D{8t}{�{8hâÃÕj�pR¡k�kt}���ªhkhk����pRrurs�H�£�8pR��p�{
�H�%��t4��jmls{q{;��j�pL{qjR�>�lulU�H�Hls�âxFµ×pHpRj�p��;pRjm|qt4rsl���t}�qjmls{q|qt}t�jR�R�qjRt}h�{q{8p�Ã8n��H|q|qpX��pRrsru�R{
¡kt4lU{8t¥{Y�H�R��lurs��pHpL��nqp/�R{qt}{YpRpR��jmluls�k�klÎxâç0t4�HpL{8lsls�lu�kt}��jL�H�qjLt4hk|V|�luls|9lsru��pRlu|�t4t
|qlU{Y��Ã¯t}{�{Y�Ø��pRrsru��p��klu��t}{Y�R�R�Æj��R�kt4|�|8�[nqpØ�¯�H|qlU{8lulU�lu�kt}�/�kh��Hrut}|�{YpRpR�Æ|qlU{Y��ÃÕt}{q{8�
��pRrsru���H�Jlurs��pL|q|8pfxH�§pLruru�R���Rrurut}|q|qp�j��R��t4|q|q�[���Ljm�m�J�qpR��pR��pRrupR�khk�Hrst4rsr�p0jmls�KnqpRls�

p



q {YpRl�µ |�t4�Ð�ªhkj�pHpL�âÃÜjmhk����pR|q|qpÀj��R�kt4|�|8����pLruru�
�H�âx�©0�H��jRt}hk|8pRjm|�t4rulX�H�
nq�L{8t¥{q{;��t}���R�Hrst4�k�kpRlu|�t4��pV�¯�Hlu|�jmh��LpR|D{Yp�x
rsA):<tuC#v�@B@L:MEL©�h��LpR|D{Yp

1
�H�Rl�ruhkjLtFp�ÃFt¥{q{8��{8pR¡k�klsrurup

t = −1
�LpR|�t4�9jL�L|ql�¡kt}ls{q{8�H�

lurs��pHpL�Ø��pRrsru�H�âÃ�n��H�kj�p��RlujRt4p�j��R|�l��R{q{8pHp�jmlslu�k�klÕ{YpR¡k��lururup
t = 0, 5

nqpJ¡kt}ls{q{8�H�
t4�kt}rurst4t4��lsru��pHpR��{8pR¡k�klsrur�p

t = 2
x

ËZEuÝBEdwx_y_yvm:>=)C4\<tu_BE{zLo|o|}m~m�Hn'��l6l��#�Hn^�XÙKt4�k�kx�n'�����|����k'�<oN�4Û×lsru��pRlu|�t4tRÃ�jmhkls�kj�p
|qhkh��qt4� �H|8pR� j�pR¡k�kt}� �¯t4�8�Ljj��Rls|qt}� ¡kt}ls{8�R���L�Rrslu|qt}|�{8�Öp�nqpL|�{Yp ��pRrsru�*���|��m�
j��R�kt4|�|8��xæÈ��R|����Lruruls|qt}����lu��lurs��pRls|�{qhk��p�ã
q rut}{qt}{8pHpR�âÃ�t}{�{Y�0{qlut}{�{;�%�kpRrurs�0¡kt}ls{qt}{Y�R�R�%{YpL¡k�klursr�p

t0
ÃR�L{8t}{8pHpR�ªjmlslu�k�klm{YpL¡k�klursr�p

t1
nqp�¡kt}ls{qt}{Y�R�R�Jnq�Rrsrut}t4��{YpR¡k��lururup

t2
xÕÈ��Rrsru«Hls��¡kt}{qjlsruru�

t0
nqp

t2
{YpL��pR¡�{8h��lst4�

¡kt4lU{q{q��n�t4���L�Rruls�kt4���lulU�L�R¡k���|q|�hk¡k�kt��H�£ruh�jh
(t2 − t1)/(t2 − t0)

x
rsA):<tuC#v�@B@L:ME�©�hf�RpL|q|8p

1
|qpR��pL�Æ��pRrurs�H��j�pR¡k��t4�
�Õt}�8�Rjmj��Rlu|�t4��¡kt}ls{8�R���R�LrulU�

�kt4��pRluj�pV�H��pLlu��p
3
{8pR¡�{8lup�ÃLn��H|�{8p��kh��Hrut¥{Xt}rul

1, 5
{YpL¡m{ql�pJ��pRrsru�J�H��j��R��t4|q|q��x

µ lsls�L�R¡k���|�|qhk¡k��t��H� |�luls|�jR�HjL�Êp�nqpR�
1/2

x�È��R�����LpR|�{8pHp ��t4rsjR�Á¡��L{8�Rlu|6�
{Y�9¡kt4lU{q{8t}rs�H��Ãm|qlursr�� rshk�H�k�k�Rruruls�kt4�V�lulU�L�R¡k���|q|�hk¡k�kt0jR�Hrs��t}����pLruru�R��j�pR|�j�pR�klursrut
�H�Á¡klut}��pL�*pRrurst

2/3
xMÏX©�h��lu�H�Á���H�kls�ªh�{8j�pRls|�{qhkt4|�|8p/{8pRl���pRrsru��n�t}�����H�R�8�L�

ruls|8�H�R��{;�Rt4|q|q���lulU�L�R¡k���|q|�hk¡k�kt[�klut}�kt4��t4tRÃ¯jR�R|qj�p�{8�Rrurs«Hlu��j��R�kt}rurst�nq�R�J�L�R¡kt}�J�
���L�/pLluj�pHpª��pRrsru�H��jlslu�k��lu�klU{Y�R��lu|�t4t4�Äx
�;�ktFpRpRruls�kt4��n��H�k�Hrs«f«H��l²�Hruls|ql×�H�R��t}{�{8«H���R�À���H�Õt4p�x(È��Rrurs«Hlu�
��pRrsru�£�m�|D�fls|qlÜjL���
�kt4|�|8�V�LpRlu�Øls�H1��klU{8t}|qlu��pHpRrslu|�t4���klut}�kt4�£p�nqpR��t}rul¯�flsls�L�R¡k�f�f|�|qhk¡��kt��Hruls|ql¯�k�Hrurup�x

ËZEUÌQE��B?5��:�t��hA'E9¢�pRrsruls����t§n��H�k�Hrs«f«H��lÄ�H��ls�ktFpHpLrulu��t4�âx
�§pRrsru��pªt}li|qlslu|��kls�kt}{8��j��R�kt}|q|q��¡kt¥{8jRt4�Rj��H�R�âÃ��LpHpR�£|qt��R{qt}{8pHpR�£jlslu�k��lnqp�¡�t4lU�
{8t¥{Y�H�R��hkhk�kt}rurst4t4��|8pR��pRrsr�pX{YpL¡k�klu��rs�H«R�k�klursr���xLÈ��R���9t}lÕ�ªh�h�{Yp9��lU{Y�H�R�J�Hrst4�f�
��pRls|�{Yp�jmh��lu�H�Öj�pR�k��pRrU{YpÖÙK���{4xcjR�Hrs��t}� {qt4�k�kls|q��pLruru�R��n��R�k�Hrut}t4�qpRhk|J{8t4���klu|6�
��pLlur�p�{�j��R|�lu|q|q��Û¥Ã��%h�{q{8pJ��pR¡k���Hrurslu|�{8pHp�|qt4�ÄÃ¯t¥{q{8�J��pRrsrulu|�|8p[�R�Hlu�kpHpR��¡kt4lU{8t}rur��
��lst4rsls�LpRrs{8pRlu|�t4�Æ���H�kls�ªh�{8j�pRls|qlup�jmh��ls�Hls{8p/��lut4rsls�LpRrU{YpRls|qt4�Æ���H�kt}rurup£��pLruru�Rrur�pfx
©�h��LpR|�{8p

1
{qhkrut}t����Rlu���Hrsrut}��|qt4h��8pHpF�LpR�krupRlu�kt}�âã

-1-2-3 0 1 2 3-4 4
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©�h��Lp��fxZ�;�ktFpRpRruls�kt4��j�pR|�jLpL�klÎx
Ï
n
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yft4h��8pHpF�Lp�Ã���|4xFl�o|���6l���k��2����k��)�mo|���DlJ|�hkrujLt4t��¯�Hlu|�¡mhk�H��pL{q{8p>�LpR�����H�L�8�R�Öjh�
�lu�HlU{Yp�Ãf�ªh�{q{8pª|qlsls{Y�ªrshk�>�h�{YpHpL�£rsh��hklu|�|8p��0nqp��x

ËZEußBE���e#�,?2:|=���A�E9¢�pRrurslu|�|8pR����t9|8pLrurulU{YpHpL��pRls�k��pR|D{YpHpR���¡k��t4�
��pRrurs�H�Æ¡kt}ls{��
{Y�R��lu��t4��jRt}�q�qpRrurupHpR�âx
È&�Rlu|qls��|8pL�k�ft}�Á�H�Ájlst4rsrut}{�{;����¡kt}ls{�{Y�H�/�¡k��t4|�{8�
j��R��t4|�{8�ÆjLpLj|�l���pRrsru��p£jRt4�6�
�8pRrsr�pHpL�ÒÙM� �4�¡�<o7�2�¢��£}�;jmh��lu�L{öÛ%{YpRl�j�pR¡k�kt}|�{8p�jL�L�kt4|D{Y�À��pLruru�
|8pL��pR�kpRluj�pRls|qt4|D{8l
Ù�l��m¤�¥6�^���Y�;jmh��lu�R{YÛ¥x ¦0p>n��Hls{qhkjm|qt4�JwHxåv��ªhkj�pRls|ql�p×jmh��lu�HlU{Yp�jmh�{8|�h�{YpRpR�§l�o|�M�6l���k����
jmh��lu�Hlsj|�lÎx Ñ

ËZE¢¨BE��B?5��:�t��hA'E9¿R�Hj�p£{q�Hlu|�t4rsr�pØ{YpR¡��klursr�p�¡kt4lU{q{8�H�/�HlsjRt4p�j��R|qláÃkn��RjLp�{8�Hls|qt}rur�p
�LpR|qt}�âx
È§pL�qj�pRrurst4t}���R{q{8pRt4�*{8�R|q|q��|��>�flU{YpHpL�âÃ§t¥{q{Y�Æ¡kt}ls{�{8t4rU��{YpR��pL¡m{qhkhÁj�pR¡k�kt}rur�p/jL���
�kt4rsr��ÁÙK�HlujLtFp�nqpÆ�LpR|�t4�æÛ�nqp�t}{�{Y�Æj��R�kt}{�¡kt}ls{�{8t4rst}�L�L{J��pLruru��nqp��fh��H�q�R{8pR¡k�kt}lu�âx
yfls{qt4|D~�pR��;�8p>n��Hls{qhk|��klu��ls{�{Y�Rls��{8pR�qjL�Hls{�{YpHpª�%�R«H|�|qls{8��Ãkt¥{q{8t}lij��R|qlst4�����R�R�8�Rrsr��
�HrutX��t}�qjmls{;�|�{8��ã�jL�H|qj�pª�LpRlu�Ø�¡k��t4�£��pRrurs�H�Ø¡kt}ls{�{Y�R��lu�kt}��jLt4�q�qpRrurupHpR�Ø�R�£|qpRrU�
rulU{q{8hkp�Ã��R�Hlk{8h��H��¡�t4ls{q�H�V{8t}¡k����jR�HjL�%p�nqpL���[�H«H|²�jm|qlRnqp�|8pR��p�jL�L|qlÎxH©0�Hrs��t}�
��pRrsru�H�Áj�pR|qj�pR��l�p
�R�Hl�|qluls|�¡�t4ls{qt4rsr����¡k�kt4rsr���j��R�kt4rsr��Æ{YpRl��kt}ronq�Rrsr��Rjmls� j��R��t4rU�
r���Ã�n��H|�¡kt}ls{q{qt4rU�����H|qpRrurslu|�{qhkh��L�R¡kls�m{8�H�R�Æj�pRjm|ql²¡�t4�kjmlurs«���xÄ©�hf�Rp

2
t}lä{Y�R|D{Y�

jmhkls{qt4�kj�pHpR��jmlu�KnqpLlu��l�p q nqp�µ rshkjmhkhk�k�L{q{YpL��pL{�{Yp��ªhkhf{q{8h�lu|ql���lursr��H�L�%{YpF�LpRrU�
r�p�xâyfluls|q����|����lU{YpHpR�ÄÃât}{�{Y����pRrsruls|q|8pL����t��fjm|�lu���Rls�kt4�ÄÃijLpLj|�luj��L{qlu�kt}�âÃâlu��tFpHp��
ruls�kt4�%n��H�k�Rru««H�qlÕ¡kt4lU{q{8t}rut}t�t4�kls�m{8�H�R���¡m{8����pLruru�Hp%jRt}�q�8pLrur�pRpR�âÃ��hk�H���R{YpL¡k�kt4ls�
�HlujLtFpRrsr�p�nqpª�LpR|�t4����pRrsr�p%j��R��t4ruru��x
��{8|�t[pL|ql�pL|q|8pV�H�Rlu����t ���m{�jmh��LpL{YpJ�%�H«R|��¡k��t4��j��R��t4�£jhf�fls�Hls{8p�ã

ËZE|©ªE��B?5��:�t��hA'E�Èc�f¡�nq�L{�¡kt4lU{8�R{�|qpRrursls{YpRpR�âx
È��R���X{YpR��jR�HlU{q{YpRp |qls{8��ÃHt¥{q{Y��j��R�kt}��t}l��Hrut�n��Hj�pRlu|�t4rurup0{YpL¡k�klursr�p���pRjmjR�[¡kt4lU{q{Y�R�
��pRrsru��p�Ã&�RpRpR�Êj��R|ql��H�Rl0¡kt}ls{�{Y�Rt}|q|8�R�R�Ê�Hrsr�p��%�H«H|�{;�¡�nq��x�yfls{qt4|�~�pR�f���8p�n��Rls{8h�|
jmlut4rU{Y�H�Æ¡kt}ls{�{Y�R���R|�{8�Æ��lsrur��R�R�À{YpL¡k�klursr�p�hk|�tFpR����pHp�jmhklu� �¡m{8����pLruru�Hp�jRt4�6�
�8pRrsr�pHpL�âÃc�ªh�{q{qt4l�{8�Hls|8pHpRrU{YpÆ�Ht}rs�H�Rls{Yp�¡�t4ls{�{Y�R���H�R� {8hk�L{YpÀ�¡�{Y�*��pRrsru��p�n��Hj�p
{YpR¡��klursr�p�x�yf�H�kls�ªhk|�wHxå�%{Y�R|���t}��{Y�H�JpR|�l�pR�âx
rsA):<tuC#v�@B@L:ME�©�h��LpR|q|qp

3
¡kt4lU{8t¥{Y�H�R�VjL�Hru��tFp���pRrsru��p��Õt}ruj��R|�{8�H�R�%�LpR|�t4����pLrur�p

j��R�kt4rsr���Ãf�HlujLtFpVj��R|qli¡�t4ls{�{Y�H�ªjL�HjR��p�nqpR��{;�¡�nq�H��ã
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©�hf�RpJ��xHc jm|qluj��L{qlu�kt}��jLpL|qj�pR�kláx

80t}ls{q{q�R{YpL¡m{qlut}���h���t}�q�R{��H�%nq�L{qt}{q{;�Øt4���R�Rrut4����pRlu|�lu��pª�¯�Hls|�jhf�RpL|�{Ypfx
gi�H�khkjm|qlX|q�>�lu����t��lst4r��fÃÜt¥{q{8t}l j��R|qlst4�Ð��pLlujmj�pHpR��nqp*pR|�t4��{8��H��jmlulu���kls{qt}{Y�
¡mhk�H��lu�R{8p�Ã��LpRlsjmjLp0�HlujLtFpR|D{8lk|qpR��pRpXjmh��lu�R{8pX�H�Hlk¡�t4ls{qt4rsr��0h�|qtFpLrur�p t}�ql{;��rslururu��x
�§pRrsru��nqp��R�Hl�¡kt}ls{�{Y�H�Æ�ªhkh�� �%h�pR|q|qpÆ|qt4ru�R�Á{YpRj�pHpÁÙK³�pR YjR }�q�H|�|YÛöÃÜj��R����t}�kt}{
pRr�pL|q���Rls�ÒÙK 4rup>~�ls�k�mÛ0nqpÀj��R|qlu�
�hk�H���H�k�¯t4�q�H�R�Ê��lu|�{qlut}� ÙÎ¢£lururs|J��t}|q|YÛöx�ç0�Rls{8�
��pLrurulmt}l�jLp�{Yp�Ã��RpRpR�J�kt��H�Jlurs��pRls|�{8p>�Lp�t4�qlsjm|qt4t}�âx¯Ù�P�|qt}lu�J�khk¡mh�{8pHpR��jhf�fls�H|�{8p
`�¢/lsrurs|���t4|q|MbYÃ�jmhk��{YpR��jR�HlU{8t¥{YpHpR��jmh��lu�L{Yp®`6j�pR|�jLpL�kl�¢/lsruru|���t}|q|��;¡kt}ls{q�Hlursr�pmb8x Û
¢£�H«R|qj��H�R�Ájmh��lu�H�ÁpLru�HlU{8hkjm|qt}t4��{8pRlÜrs�H�¯t}{8h�j|�t4t}� t}l�jmluls�k�klU{8t}{8�/¡mhk�H��lu�L{Yp�Ã
�LpHpR�
�Hrut¥{8t}{8pHpR�âÃit¥{q{8�/jmh��lu�R{8p£�R��¡kt}ls{qt4rs{;��nqp�{8h�rur�pRpR��¡kt4lU{q{8t}rut}���H�L�ÆlujmhklU�
|qt}|�{8láx

ËZE¢-BEdw¯��:|=�e°@L�L±Q:>?2:>=�e�E È��R¡��R�ÀpR|�{qlct4|qls��t}�qjmjmlu���£|qlU{8t4|D~�pL�f�;jmh��lu�R|�{Yp/�H�
�Hrursh�{0pRlu����pR|�{8pHpR��jL�Hru��t4����pRrurs�H�£jLpL|qj�pR�kláxÕÈ(�Hlu��t4���rut}lu�kt}��jR�Hrs��t}����pRrsru�H�
|qlU{8t4|D~�pL�f�;jmh��lu���H�{l��^o¢�Dim�/ÙK{8�R|q|q���HlujLtFpRj��L{qlu�kt}�æÛ¥ÃLn��R|q|8p��HlujLtFp�jL�L|ql(¡kt4lU{q{Y�R�
��pRrsru�R{²jL�H�qjLt4ls��p��LpR|�t4����pHpR��j��L{8t}t4��nqp��LpR|�t4��j��R|�læpRlu����pR|�{8pHpR�J|��R«R{q{8�H����pRrU�
ru�R{0�klsjLpLlu|qt}|�{ql�{8pRj�pRlu|�lu�/�HlujLtFpHpR�/j��L{8t}t4�âxÄ©0��H�q�kls��pHpL{qlu|D{8��H���kluls�q�qt¥{q{;��jmh��Lp
|qhkls¡kjmhk|�{8p��k�>�m{�{Y�H�J|qt}hk�8pHpF�LpRrU{Yp�ã
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©�h��Lp��kx�yfhklu¡�jhÄx

yft4j��ª|�hklu¡kjmhk|�|8pJt}{�{Y�ªj�pR|qj�pR��lu|q|qpªjmhk�kjmlu����pRrsru�H���8pR�kpL{��>�LpL{�jRt}|qjLt4���H�L��|8p��
��pL�kr�pRls|qlup�ÃH�ªh�{�{Yp%�k�Rlu�Øt}lÕ{8pR���ls{q|qt �Rrur�pfxÈ��L|�{Y�ªt}|qls��t}�qjmjmlu���%�R���kluls��luj��H�L�
|qhk�R|qls{�{8h�jR�Rru��t4����pRrsru�H��|�ls{8t}|�~�pR�f��jhf�fls� `;�kt4r nq�Rj�pRjm|qlsjR�Hrs��t²bYã
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©�hf�Rp�vfx�ç�t4r nq�Rj�pRjm|qlujL�Hru��tRx
P0|�t4lu���klup�jmh��ls�R{Yp
�H�Ö�LpRlsjRtFp
jmh��LpRlursr�p�|8pL�k�Hlu�ÄÃ×�%h�{q{8p
jL�f�H���klu�kpHpL{8ls|�{q�f�H�
�H�Hls��pHpR���Ht}�q�qpL{q{8pRt4�/¡kt4rs�Õ�H|D{8li�klslu�D{Y�H�ªjmh��Lp���lu|D{Y�ª{YpL¡�pR�k|qp�|qlU{8t}|�~�pR�f�;jmh��lM�
�H|�{8p�x�È��RrurupRlu|D{Yp�jhf�fls�R{Yp��H�Hls��pHpR�ªj��L{qt}�L�R|D{8l�jmh��LpL{8pX³kl n�t4j�{8lsls�lu|�t4ruru��ÅKhk�kj�{8ls�HrU�
r�p

f : Z → Z
ã

t f(t)©�h��Lp���x�´�hk�kj�{8ls�H��lu�kt4p�x
ËZEuÓBEdwx_y_yvm:>=)C4\<tu_BE§µ5o|���6l���k��2�Nim�^}�oN���H� ³kl n�t4j�{8ls�

f : Z → Z
Ã�n��Hrurst

f(t) ≥ t
j�pRlsjlsrurup

t ∈ Z
x²È��R|�|8�

Z
{8hkrsjmls{YpRpR�À{YpL¡k�klu��rs�H«R�k�kt4lsjm|ql�nqpÆjmhf�

�LpRhk|
t0 7→ t1

{8hkrsjlU{YpHpL��|�ls{8t}�âÃ(t}{q{8�£{8pR¡k�klsrur�p
t0
¡�t4ls{qt}{�{;�À��pLruru��¡kt}ls{qt}{Y�R�R�

|qt}hk�8pHpF�LpR�ÐjLt4�q�qpR�Ð{YpR¡��klursr�p
t1
x��(�HlujmjRt}hkjm|qt}��p �R�Ê{YpR��pLhk|

t0 7→ t0
Ãân��Hj�p

{8hkrsjmls{YpRpR�Ø{;�¡�nq�Rjm|ql�¡kt}ls{8�Rj|�lit4rsl�im�4}�o|�<���6���|�¡o¢l���¤d�Hk'�|�¢�m¤J¡kt4lU{8�Hjm|qláx
gilu|8�Lt4¡�{8�

f(t) ≥ t
t}|�{8�H�V¡kt4lU{q{Y�L���R|D{Y�ª��pLruru��nqpªp�nqpR|�|8pV{YpHpRjm|�t4���Rls�âx�¨�l n�t4jH�

{8lsls�lu|D��m{qt4t4����pLr�pL{8pHpR��t4|�lu��t4��jls�%nq�RrujLt4t4�Äx
rsA):<tuC#v�@B@L:MEÕ©��Hru��t4���kpRrurs�H��j�pR|qj�pR�kl×ÙÇ���{Fx�jhf�Rp��HÛ��H��ÅKhk�kj�{qlu�

t 7→ t + 3nqpVjR�Hrs��t}�£�kpRrurs�H�Ø|qh�lu¡kjmh*ÙÇ���{Fx�jhf�RpJ�mÛ��H��ÅKhk�kj�{qlu�

t 7→

{

t + 5, t
��pL�qls{q�H�

t + 1, t
��pL�qlursruls�kt4�

,
��ls|q|q����pR�qlU{q{q�H��pL�£nqpÆ��pR�qlsrurslu|qt}�£nq�R�Çn�t4|�{;�jm|qt}ruru���R�Ö��t4��jlU{;�|�{Y���LpRls�*jL��{8lU�
|��m��kt4��jLpL�k��pRrU{Yp�x¶+×©�hf�RpL���Vjmh��lu�J�khk�Rrut4|D{YpHpL�/�H��ÅKhk��jm{qlu�

t 7→

{

t + 6, t
��pL�qls{q�H�

t, t
��pR��lursrulu��t4�

.
´�hk�kj�{8ls�H���ªhk��k�H|�{8pR��lu�kt}��jhf�RpL|�{Yp

5
nq�L{qt}{Y�R�R��¡�pR�Kn��Rls{8h�|�{8t}¡�{Y�F�L�Rjm|qlÎx

+�· ì�ì�íäê¥üåí&ì�ð òáòÎñ¥ñ¥ë�óYõöðåþ�í�í�òÎòáõÜòÚê}÷�ðÔë�íDí6ô��>þ�íDðÔôÚô�ñ¥ñ¥ï��×÷LõöîÎðÔüåüÔð òáðÔüåüåõcôÎõ¥þm�>íDðåüåüåõ�ê¥ðåï¥íqõcóYõöðóYõ¥òáíDëXïYñ¥òáð ! ùiñöôÎñ�íDì�ì�í²ì�� �}òáïYñ¥ñöë0òÚêYóFð¢��õ¥òáðåõ¥üÔü õ×í�ðmê¥üåíäì�ð ô�ñ¥ñöëXì�íDîÎïFð ô>�>òÚôÎñ !
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¸ :.� C^@ª=�:�:|±Q:<A ¹B¹QgQC^A =�_BEÕyflU{8t}|�~�pR�f�;�qp�n��HlU{8hk|��LpHpL{qluláÃ�t}{�{Y�Jt4��li��pRrurs��n�t4��¡�t4ls{�{8�L�
{YpR¡��kls{i�>�LpL{�t}�qlursruls|ql��fx¥¿R�H|â{Y�Rrsr�pRls�kt4�Xjhf�fls��{8hk�k��t}{YpRpR��jL�F�m{Y�L�k�k«H|�|8��ÃF�R�Hlu��pRpR�
t4��lH��pRrsru��n�t}� ¡kt4lU{q{q�R{YpR¡��kls{Äruhkt¥{8t4rsr�p�nqp�{8�Rrurs«Hlu��ÅKhk�kj�{8ls���H��¡kt}ru�k�¯���ªhk��k�H|�{8pHp�x
¿R�R{q{8p�¡kt}ls{�{8�R{8pR¡k�klU{0�Rrulu|�ls�LpL{�t}�qlursruls|ql��fÃ��H�£ÅKhk�kj�{8ls�H���HrU{YpF�Lp�³kl n�t4j�{8ls�kx¯¢��H�L�qlU�
{8t}ru����wHxÔ��t4l�jh�ls{8t}�kj�pHpR���Rrulu|�linq�L�qjRt¥�L��Ã§t}rurut}lÜ|qpR��p/{8�Hls��ls|ql²j��H�R��{8�Rt4�âÃ({8|}x
t4rsrut4l�n��Hj�pRlu|D{Yp����H�R��ls{qt4ru���R�£�ªhkj�pRls|�{Yp�³klon�t}jm{qlu�R{8p��H�Rls{YpLlu|ql({8hkrsjmls{Yp�n��H�k�Hrst4t¥�
�8pL{�{YpF�LpRjm|qlijmh��lu�Rj|�lÎx
ËZEáËmèLEdw¯_H_yvm:>=�C^\<tu_BE�¿R�R|

f
�R�£|�ls{qt4|�~�pR��;jmh��lu�kÃ��kluls�Ø{YpR¡k��lururup

t
¡kt4lU{8t¥{q{Y���

�L�R����pRrsru�H�£¡kt}ls{q{q�R{YpL¡m{qlut}�Jn��HhkjmjL��p�jmh�{8|�h�{YpRpR�ÆjR�kxÕ��pRrsru�H�{��kDnDkmi�l�onqp���t4�D�
jmls{Y�R�R�

Ot := {. . . f−2(t), f−1(t), t, f(t), f 2(t), . . .} ⊂ Z.

º;�Q?2t»:<?QE(¿R�H| {8pR¡k�klsrurup
t
¡kt}ls{8t¥{Y�H�L�Æjhf�flU{q{qt4t4rsruls�kt4�/��pRrurs�kÃæ�kluls�

fm(t) = tj�pRlujmlursr�p
m ∈ Z

nqp
Ot = {t}

x
ËZEáËæËZEd¼�eZ�hA,C5E%¿R�H|

f
�R��|�ls{qt4|�~�pR�f��jmh��lu�kÃ���lulu�Ðt}�ql���pLruru��n�t4�Ð�8pL��pL{��>�LpL{

t4��lururslu|�l���x
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q rujL�f�L{

t1, t2 ∈ Z
j�pR¡��kt4��t4��lX��pLruru�R��¡kt}ls{q{q�R{YpL¡m{qt6nqp�Ãc{8�Rlu|qls�

|8pR���ft}�
t1 /∈ Ot2

Ùånqp
t2 /∈ Ot1

Ûöx(±crsrut}ls�L�L{��8pL��pL{
Ot1

nqp
Ot2

�Hruls|ql²t}�qlursruls|ql��fÃ
�kluls�Ê�klslururu�Æ�Hruls|ql��¡m{qt4ls�kt4�Ð{YpL¡m{ql

t0 ∈ Ot1 ∩ Ot2

xÜÈ��Rrurs«Hlu�Ö�Hruls|ql�{8�Hls|8pHpLrs{Yp
t0 = fm(t1)

n��Hrurst4jmlu�
m ∈ Z

nqpª{8�Rlu|8pRpRrs{8p
t0 = fn(t2)

n��Hrsrut4jmls�
n ∈ Z

xæç��m{
�Hruls|qlm|qlslu|

fm(t1) = fn(t2)
t4rsl

t1 = fn−m(t2)
x�È��R���Xjmhkls{qt4�kjmls�%{YpR��jR�HlU{q{8pRlu|�lÎÃ

t}{�{Y�
t1 ∈ Ot2

Ãk��lsj��ª�H���qlu|D{8ls�qlulU{Yp�x
�

¿R�Hj�pRlu��t4��³kl n�t4j�{8ls�
Z → Z

|qluls|�nqpLjLpRpJn��HhkjL�H�
Z
t}�qlursruls|qluls�Æ�H|8p>n��HhkjmjR�Hls¡klu�ÄÃ

n��R{8j�p��H�Rlu��pHpL��{8hkrsjlU{Yp�t}�ql���pRrsru��n�t}�*¡kt4lU{q{q�R{YpR¡��kt4lsj|�lÎxä¢��H�R��ls{8t}ru���ÀwHxÔ�Æ�H�
���Rls�£�Rrurut}�[nq�R�qjLt}�L��x
¢��H�R��ls{qt4ru���R��wHxÔ�%j��F�{�{Y�R��lu��t4��|�t4rsr�pRls|qt4�kpHpR���R��{;�H«Hru�R|�{8��x¦X|qlupL{Ü¡kt4rs�Õ�R{�{8hf�
�LpL{FÃkjmhk�/�R{8t¥{YpHpL�£j��F�m{q{q«f«H��t¥{Y�Rls|��m�|�ÅKhk�kj�{qlu�H�£j��R|qlU{8tRx
ËZEáËàBEdw¯_H_yvm:>=�C^\<tu_BE q rsjR��H�

f
|qlU{8t4|D~�pL�f�;jmh��ls�kx�È��Rrurs«Hlu�

f
ã �Æ���N~'o¢l��m��l��

Ç �4¤Him�<oN�X�H�£ÅKh��kj�{8lu�
df : Z → N

Ã
df(t) = f(t) − t

x
¿HpL{8jL�H|q|qp ��t}�qjmlu�����R�

df(t)
|�lonqpR|D{Yp�jL�F�m{8t¥{Y�H�L�ª��t}�qjmlu��{8�H�

d(t)
Ã�jmhk�V|qt}jLpRpR�f�

�mhkjm|qt4�/�RpRpR�8pHpªt}li�HrutLx
±ä{Y�Rls|��m�|�ÅKhk�kj�{qlu�H��pR�D�H�

d(t)
jLt4��{q�f��jmhkls�kj�p����H�kt}�V{YpR¡k��lu�V���H�L|�{Y� {8pR¡k�klsrur�p

t
¡�t4ls{qt}{�{;�V��pRrsru� ¡kt}ls{qt}{Y�R�R�J|qt4h��8pHpF�LpR�JjRt}�q�8pL�âxçX�Rls�V�Hrurst4�ªrshkjmh

d(t)
�H�J|qlU{Y�

|qhkh��qt4���kláÃk��lU{Y�ªjL�H�qjLtFpR���kli¡kt}ls{q{q�V{8t4¡����H�R��{YpR¡��klursr�p
t
x%È

ÈM· ô�ñöð ò<�)�>ò<ÉMø�ë�ï4ôáðåê¥ëJõ¥îáó}ê�ê¥ë�òáø�ê¥î�õ¥õ¥ëªó¥íDîÎî�õöë�ë�ê}üÔüåðåë�íDëªí6ô�ñöð ò<�)�>ò<ÉMø�ë�ï4ôáðåê¥ëJõ¥îáó}ê¥ëªë�íMÊüåð.���Kø�ø�îÎíDí�ë#��õ¥òáðåõ}òKô�õcô�õöîÎï¥í�ì�ì�ðåë�ôÎíDê}ïFòáí�òÎòÎõV�7����üåø�ïFøs�6� !
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±ä{Y�Rls|��m�|�ÅKhk�kj�{qlu�����H�R�q�H��|qls{qt4|D~�pR��;jmh��lu�H�
�j|�luj��R|�ls{q{qt4ls|qt4|D{8láÃ(|�lursr��
f(t) =

d(t) + t
x�yft}��p>�hkrsr�pÀjmh��ls���H�Hls��pHpR�Ðt}|qls{�{Y�H���k�H�L{q{;����L{q{q«H���R����n��R�k�H��p

{YpR¡�{qt6nqp�ÃLn��H|�|8pVjmhk�kjmlu��{YpL¡k�klu��jL�H¡k��pRrsr�pª���Ljm�m��t¥{Y�Rls|��m�|�ÅKhk�kj�{qlu�H�/pR���R�kx
rsA):<tuC#v�@B@L:MEÄ©��Hru��t4����pRrsru�H��j�pR|�j�pR�klursrut t¥{Y�Rls|��m�|�ÅKhk��jm{qlu���H�

d(t) = 3
j�pRlM�

jmlururup
t ∈ Z

ÃLn��R{qt4�£j�pR|qj�pR�klÕ�H�Hls��pHpR��t4|�ls{�{Y�H�V�ªhk��k�H|�|8p
. . . 3, 3, 3, 3, 3, 3 . . .µ×pR|�{8pHpF�LpXn��R�k�J|qhkls¡kjmhkrurst��H�
. . . 5, 1, 5, 1, 5, 1 . . .�¡k�kt4�/j��R�kt4�£j�pR|qj�pR��lururst
. . . 6, 0, 6, 0, 6, 0 . . .nqpVru�H�kh�j|�lijmh��lu�HrsrutF`;�kt4r nq�Rj�pRjm|qlujL�Hru��t�b
. . . 4, 2, 3, 4, 2, 3 . . .

24324 3 4 2 3 4 2

©�h��Lp��xæ©�hf�fls�V�m�R��x
©�pRlujmjml����R��� n��H���R{X�>�LpL{²nqpRjm|q�Hrsruls|ql�pfÃ�n��R{qt4����lulU{q{Y�R��pL�m{8pHp���lulu|D{Y�V�LpRlu���j|�l
nqpRjm|q�kx��²lurujmjmh�nqp%t}lÕ�[�H«H|�jL�R�R�Ø{YpR�D�ls{YpfÃfjmhk���mhk��t4���R{��>�LpL{��klst4�kt}����l��[jmhkls�
w>ÂHG4nqpL{qjR�H|�|8pª���Rls���Hrst}{qt}{YpRpR�âxm±²�kt4rsruls|qt}{Üjmh��lu�R{��>�Rp�{�|�lulu|×rs�¡��Ht}|�{qlÎãf��ÃkvwHÃ�HÂ
nqpV�m�R��x
çX�Rls��¡kt}ls{q{q�R{YpL¡m{qt6nqp��LpR|D{YpHpF�LpL{��mhk��t4���R{FÃ�n��R{8j�p���hk�Hrut}|�{8pHpR���LpR|D{YpHpF�LpL{�t}�qlU�
r�pRls|qlupª¡kt4lU{q{8��nqp�xæ¢/lU{Y�JjR�H��jRtFpL���kl�¡kt}ls{�{8�kÃ�|�ls{Y�J|qh�hk�qt}���kl��mhk��t4���kx580hk�R��p��
{YpHpL���%�R«H|4Ã�t¥{q{8�[|q�R�klu�ªh�j|�t4�£wHxÔ�9�k��nqpRrurup ��pR�qlsrurslu�kt}�ª�mhk��t}�q�9¡kt4lU{8t¥{Y�H�R��|8p��
��pRpR��j��L{qt4t4�%nqp%�kpR�qlU{8�H���h���t}�q�%{q�Hlu|�t4t4��j��L{qt4t}�âxk�(�HlujmjRt}hkjm|qt}��p��R���k�Hrurup�Ã
n��Hrurs�Hlu��j��R|qli�H��{;�¡�nq�Vt4lsjL�Vj��F�m{Y�R�k��«H|q|q��{8t}t���lU{Y�H�R�Äx
©��>�m{8�R�k�k«H|�|8���%�H«H|i�jmjR«H��t4��nqp�j�pRjmjR�H�kt}�%�>�LpL{(�Õ�RlujmjRt}hkjm|qt4rsruls|ql�pfx q lujLtFpR�H��
�klu��t4� �jmjR«R�kt4� �Hrslu|�l �k�H�¯tFp�Ã�ru�R¡kt4|��LpHpRj�pR|�hk�H�8pÁ¡kt}ls{q{q�Öj��R��t4|�{8� {q�Hlu|�t4t4�ÄÃ
�ªh�{�{Yp��flsls�L�R¡k�f�f|qp�nqpR��pR�k|�lu�H|D{Yp���pRrurs�H�Æ�H�Hlc¡kt}ls{�{Y�R��lu|�t4�
|qlonqpL|�{YpØ�jm|qls�kjRt}�D�
{YpRls|qt}|�{8l¯r�pLls{q{8pHp�j��R�kt4|D{Y�[{q�Hlu|�t4t}�âx�©�pRjmjL�H�kt4����hk�Hrut}|�{8pHpR�Ø�Hrslu|�l���pL{8pRr�p�¡kt}ls{��
{8�9|8pR��pHpR�Jj��L{qt4t4�ÄÃ��ªh�{q{8p9j��F�m{Y�R���k«H|q|q�[��pLruru�HpXhk|qt}lu����lU{8t}�ª�RpLlu�J�klu��t}{Y�R�R�
j��R�kt4|�|8�J|qt}hk�8pHpF�LpR�£{YpR¡k��lu���rulÎx
¿HpL{8jL�H|q|qpJ{qh�{8jmls����t ���/xk|�t4hk�qpHpF�l�pJpR|qls�Hls{8p�ã

�[¢/lsrur�pLlu|qt¥{�rshkjmh�n��H�k�R{�t}|qlU{q{Y�F�L�L{�|�ls{8t}|�~�pR�f��jhf�fls�Hls{8pDÌ
³;¸



�[¢/lU{8t4��{Y�Lrur�pLlu|qlup�n��R�k��nqpª�H�Hls��pHpR���Ht}�kt4���Hlu�kpXnqpJpR�kpRrs�|q�Rlu��pDÌ
�9©�hklu��jLpV���H��{YpVjmh��lu�R{8pV�H���Hrut}��pR|�|8p£ÙK{qlut¥{;�fls���8p�n��Rls{8h�j|�lu�æÛ�Ì
�[¢/lU{8t4�£jmh��lu�H|D{Ypª�H�Rlu��pHpL�£|�luls��{;���ª{q�Hlu|�t4t4�ZÌ
�[¢/lU{8t4�Æ{8�R���Øj�pRlsjmjl&�frst4ls|�{;�m�HÃn��R|��Õ�Hls|�{8pR����t%|�ls{qt4|�~�pR�f���8pön��Rls{8h�j��
|qt}�ÀwHxåv0Ì

ºfeyv&�,?2:|=��hA =�C^Íª=�_D±Q:>_
wRx²¢/lsj|�lfn��H�k��p

432
t4lâ�R�Hlâ{8hkrsjmls{Yp�n��R�k�Hrut}t4�qpRhk|qjmh��ls�Hjm|ql|Ì

�xä�²luls�q�8��jR��H���klu��pRpL{8ls|�{8��H� jmh��lu�
453

x�¢/�H��{YpLjR����pLruru�Hp
jmh��lu�R|q|8p
�H�5Ì

�fxä©�pL{8|���pL�klu��pHpL{�{8�H��lururupÆjhf�fls�Hls{8p
441

Ã
423

Ã
450

nqp
453

x�ç0�Rt}{qjR«
�mhk��t4�q�L{²Ì*Ù�8�hk�H��pHp�Ã²t¥{q{Y�
j�pRjmjR�H�kt}�Ê�kls�kt}{8�H�R� jL�L�kt4|�|8��nqp
t}{q{8�
�k�Hrsr�pRrsr�pØ|qpHp/{YpL��pR¡�{8h�p/jlslu�k��lu�R{�{8�kxQ8�t4ru�¯�R{�{YpHp��%�H«R|%{8lst}{Y�R��Ã�t}{q{8�
pR�kls��pRpL{q{q�H�qls|q|8p[jlslu�k��lu�R{q�R{�{8pR��pR¡�{8hf�Rp�{�{YpR¡k��lu�krU�H«H�k��t4lursr���xåÛ

³ÏÎ



gQPX©�P �

^�_;df¾i`#R
½ÐSVU »�ºFW _MY×_MÑ0¾LÒÔÓc¾LÒX¾BÕyYc_&Ö _MÒX¾LÒ

¦��¡k�f�f����t/���m{�{qh�{8jmlu��pHpR�Áj��|���%�|�{8�*|qlulU{Y��Ã§��lsrur�pLlu|qt¥{V�H�L�qt4rsruls|qt}{Jrshk�H�f�
�k�Hrsrulu|D{8t}�Øruhkjmh�n�t}�%n��H�k�R{��LpR|D{YpHpF�LpL{§nqpRjm|��Hrurslu|qlup[|�ls{8t}|�~�pR�f��jhf�fls�Hls{8p�xfµ×pL|�{YpLhk|
t4|�ls{8t¥{Y�H�L�£rupRhk|�t4t4|�|8p��fx �x

àBEáËZEdwx_y_yvm:>=)C4\<tu_BE�yfls{qt4|�~�pR�f��jmh��lu�
f
�H�;� kmi�l��m�|�¡o|¤���¤�Ãfn��H|[�H���Hrst4��pR|q|qp

n ∈ Z+
|qlU{8t}�âÃ�t¥{q{Y�

f(t + n) = f(t) + n
jLpLlujmlursr�p

t ∈ Z
Ãf{8pRlÕ�¡�{Y�R��ls{Y�F�L�R|D{8lÎÃ

d(t + n) = d(t)
jLpLlujmlursr�p

t ∈ Z
xi�²lut}�klu��{8�RrurupRlu�kt}��rshkjmh

n
�H��jhf�fls�H��� kmim�

l��m¤'�2o|���^�Dl¥x�©�h��lu�R{8p�Ã�n��H�kj�p0nqpRjm|q�R�k�kls{qhkhk|��H�
n
Ãk|qpR�k�R{8pHpR�

n
��� kmi�l��m�|�¡o¢l��6i�l�oÇx

¿R�H| jmh��lu���R�
n
�snqpLj|��Hrurslu�kt}�âÃæ�kluls���%�R«H| ��lururst�{YpR¡�pL�k|8pØrsh��hk�

n
���R�klujLt4�D�

�8pRrsrut
k
�k�L{8t}t

d(t + k) = d(t)
x²È&�Rlu|8pRpRrs{8p�Ã�n��R|

d(t + n) = d(t)
n��Rrurut}jmlu�

n ∈ Z+

Ãæ�klslu�£jmh��lu�H�VnqpRjm|q�H�k��ls{8h�hk|0�R��ruhf�fh��
n
{8t4jml nq��xæÈ&��klu|D{8hkjm|�t}{²nq�L{8tö�

{Y�H�L�£¡kpR�Kn��HlU{8hk|D{8t}¡m{8�F�flsjm|qlÎx

àBEuàBEdwx_y_yvm:>=)C4\<tu_BE ©0�HjL�H��pRls|qruh�jh�n�t4�Xnq�H�R�k��«H|qrshk�Hjmjml�p ���f�kh�ru�
n
ÙKj|}x�rulslU�

{8t9¨�Û�|qpR�k�R{8pHpR�
n
�snqpLj|��Hrurslu|�t4�Øjmh��lu�R�×}mk'o¢�Z��o¢i�l�oRnqpV��t}�qjmls{8�H�R�

Zn = {[0]n, [1]n, . . . , [n − 1]n}.

¿HpL{8jL�H|q|qp
��t4��jmlu�k���L�
[t]n

|qlonqpL|�{YpÆj��F�m{8t}{8�H�R� ��t}�qjmlu��{8�H�
[t]
Ã²jmhk��|�t4j�pHpR��

�mhkjm|qt4�/�RpRpR�8pHpªt}li�HrutLx

àBEuÝBEdwx_y_yvm:>=)C4\<tu_BE q rsjR��H�
f n

�snqpRjm|q�Rruruls�kt4��|�ls{8t}|�~�pR�âx
f
ãÔ�×}mk'o¢�Z� Ç �4¤Him�<oN�

�H��jmh��LpRhk|

fn : Zn → Zn, fn([t]) = [f(t)]n,

��ls|q|q�
t ∈ Z

�H�£��lut4rsls�LpRrU{YpRls�kt4�J�LpRlu¡kt}t4�
[t]
t4�khk|D{Yp�nqpfx

µ×pRlu¡�t}ÅKhk�kj�{qlu���H�*¡��m�lu�k���H�R��ls{qt4rs{;�ÖÙKjm|4xc¨XxUwHw�Û²G({q�f�kls|�{qhk|�nq�L{qt}{Y�R�R�*¡�pR�Çn��HlU�
{8hk|D{8t}¡m{8�F�R�Lj|�lÎx

³M*



àBEUÌQEdwx_y_yvm:>=)C4\<tu_BEX �R��t4rurslu�kt}�/rshk�H�k���Hrurslu|�{qt4�£ruhkjmh�n�t}��n��H�k�
a0, . . . , an−1�6l�o|���N~D~�l�o|���6l���k��2�Nim�4}�oN�m�NkRÃ���luj��Rrsl¯ÅKhk��jm{qlu�

f(t) =























t + a0, t ≡n 0

t + a1, t ≡n 1xxx
t + an−1, t ≡n n − 1

�H��|qlU{8t4|D~�pL�f�;jmh��lu��ÙÎ¢/�H�R�qlU{8t}ru����wHxÔ��Û¥xkÈ��Lruru«Rlu�Øt¥{Y�Rls|��m�|�ÅKhk�kj�{qlu���H�

d(t) = f(t) − t =























a0, t ≡n 0

a1, t ≡n 1xxx
an−1, t ≡n n − 1

nqpª�RpLlu¡kt¥ÅKhk�kj�{8ls�
fn

�H��jmh��LpRhk|

[0] 7→ [a0 + 0]

[1] 7→ [a1 + 1]xxx
[n − 1] 7→ [an−1 + (n − 1)].

©�h��lu�X�R�0nqpRjm|q�Hrsrulu��t4�âÃ>|�lururu�
t+n ≡n t

jLpLlujmlursr�p
t ∈ Z

nqpXt}�kt4rsrut4t}�
d(t+n) =

d(t)
j�pRlujmlsrur�p

t ∈ Z
x×©�hf�fls�H�Át4l�jmhkls{qt4�kj�pHpL� {8pR���ls{q|qt��Hrsr�p

n
�UnqpRjm|q�Hrsruls�kt4�âÃ

��lsj��Rrulfn��H���H|q|qp�t}|qlslu��{;�m�/{q�Hlu|D{8��p�xÕ±²|qls��t}�qjmlujm|ql�n��H�k�
4242

t}|qlU{q{Y�R��jmh��lu�R{8p�Ã
n��H�kj�p0nqpRjm|q�H���kls{qhkhk|��H�

2
x

àBEußBE�rsA):<tuC#v�@B@L:MEjP0|�jR�R{8pHpR�Ð{8�Rlu|�{8pRlu|�t4jm|qláÃÜt¥{q{8�£n��H�k�
453

t4|�ls{�{Y�H�
3
�UnqpRjH�

|q�Hrsruls|�{Yp�|qlU{8t}|�~�pR�f�;jmh��ls�R{Yp�x&©�h��lu�H���RpLlu¡kt}t}{ª�>�LpL{[{Y�Rrsru«Hls�
[0]3, [1]3

nqp
[2]3

x
©0�H|�j�pJ�LpR|D{YpHpF�LpªÅKhk�kj�{8ls���R�

f(t) =











t + 4, t ≡ 0

t + 5, t ≡ 1

t + 3, t ≡ 2,
�kluls�Ø�LpRlu¡kt¥ÅKhk�kj�{8ls�

fn

�H��jmh��LpRhk|
[0] 7→ [0 + 4] = [1]

[1] 7→ [1 + 5] = [0]

[2] 7→ [2 + 3] = [2].
È��R���J�R�£³�lon�t4j�{qlu�0n��HhkjL�Hrs{8p

Z3
ls{8|�t4rsrut4t}�âx

³�O



àBE¢¨BEd¼�C^t»t×eBE9¿R�H|
f
�H�

n
�snqpRjm|��Hrurslu�kt}�ª|qlU{8t4|D~�pL�âÃ��kluls�%�LpRlu¡�t}ÅKhk�kj�{qlu�

fn

�H�
³klon�t}j�{8lu�0n��RhkjR�HrU{Yp

Zn
lU{8|�t4rurst4t}�âx

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q |q�Rls{8t¥{YpHpL�£t}�k|qls��|qhk�Çn�t4j�{8lsls�lu|�hkhk|4Ã�|qls{�{8t}�£ls��n�t4j�{qluls�ls|��m�|4x<Ï q rU�
jR��H�

[t1] ∈ Zn

x�80pRruh�{8pHpR�
[t0] ∈ Zn

Ãân��Hrurst
fn([t0]) = [t1]

x×È��RrurupRlu|�t4jm|ql
jRt}ru��pHp

[f−1(t1)]
Ã���ls|q|8�

t1
�H�£��lst4rsls�LpRrs{8pRlu��t4�J�RpLlu¡kt}t4�

[t1]
t}�khk|D{Yp�nqp�Ã�|�lursr��

fn([f−1(t1)]) = [f(f−1(t1))] = [t1].

q rujR��H� |qlU{q{8t}�
fn([t1]) = fn([t2])

ÙÇ{8|}x
[f(t1)] = [f(t2)]

Û�GJ¡�pRrsh�{YpHpL�
[t1] = [t2]

x�©0�H|�j�p
[f(t1)] = [f(t2)]

Ã��klslu�
f(t1) + kn = f(t2)

n��Hrurst¥�
jmlu�

k ∈ Z
x¯©0�H|�jLp

f
�R�

n
�UnqpRjm|q�Hrsruls�kt4�âÃ��kluls�

f(t1 + kn) = f(t2)
ÃRnqp�jL�H|qj�p

f
�H�/ls��n�t4j�{qlu�kÃf�kluls�

t1 + kn = t2
Ãk{8|}x

[t1] = [t2]
x

�

àBE|©ªEd¼�ey��A,CÙØ&�TC^vmt��L=�eyeH=�:>?Z=�C^A =�:ÏÚ�E
ÙÚl�Û%¿R�H|irshkjmh�n��H�k�

a0, . . . , an−1

t}|qls{�{Y�H�
n
�snqpLj|��Hrurslu|D{Yp�|�ls{8t}|�~�pR�f��jhf�fls�R{YpfÃ

�klslu�
{[at + t] : t = 0, 1, . . . , n − 1} = Zn.ÙKlulÇÛ9¿R�H|�ruh�jh�n��H�k�Hrsrut

a0, . . . , an−1

����{8t4t
{[at + t] : t = 0, 1, . . . , n − 1} = Zn,�klslu�*ruh�jh�n��H�k��t4|�ls{q{8�H��nqpRjm|q�Hrsruls|�{Yp�|�ls{qt4|�~�pR�f��jmh��lu�R{8p�Ãä��lu|q|q��nqpRjH�

|q�R�k�kls{qhkhk|��H�£ruh��hk�
n
{8t}jmlonq��x

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å�ÙKlÇÛ q rst}{qt}{YpRpR�âÃ>t}{�{Y�än��H�k�
a0, a1, . . . , an−1

t}|qls{�{Y�H�
n
�UnqpRjm|q�Hrsruls|�{Yp

|qlU{8t4|D~�pL�f�;jmh��lu�L{Yp
f
ÃL{q|4x

at = d(t) = f(t)−t
j�pRlsjmlururup

t ∈ {0, 1, . . . , n−1}
x

È��Rrurs«Hlu��|qluls|
f(t) = at + t

nqpVt4��t4rurst4t}�
{[at + t] : t = 0, 1, . . . , n − 1}

= {[f(t)] : t = 0, 1, . . . , n − 1}

= fn(Zn) = Zn,��ls|q|q�%�flslu��t4ls�kt4�Ø�¡�{Y�R|�hkhk��hkhk|X|�t4hk�qpHp�g�t}����pR|D{YpJ�fxÔ��x
ÙÚlslÇÛ q rst}{8t¥{YpHpL�£|�ls{�{8t4�ÄÃ�t}{q{8�0n��H�k�Hrsrut

a0, a1, . . . , an−1

�k�L{8t}t
{[at + t] : t = 0, 1, . . . , n − 1} = Zn.µ��RlU{8t��H�ÄÃkt}{�{Y�VÅKhk�kj�{8ls�

f(t) =























t + a0, t ≡n 0,

t + a1, t ≡n 1,xxx
t + an−1, t ≡n n − 1,

Ï�Û ðåðÔôÚôÎñ¥ðåòáð�ê}òáê¥ðÔôÚô�õ¥õÜë�ñöð òÚôÎñÜôáê}ðÔë�í�ë#��ï>ò ! �.�'���>üåø�ïFø ��! �6� !
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�H�ªnqpRjm|q�Hrsrulu��t4��|qlU{8t}|�~�pR�âxÕyft4rU�L�R|�{ql
f(t) ≥ t

j�pRlsjmlururup
t ∈ Z

ÃæjR�H|�j�p�rsh��h�{
ai�>�Rp�{äruh��H�k�k�Hrsruls|ql�pÜruhkjmh�nqp�xRyft}rs�L�R|�{qlf�[�H«H|

f(t+n) = f(t)+n
j�pRlujmlsrur�p

t ∈ Z
Ã

n��R{8t}�
f
�H��nqpRjm|��Hrurslu�kt}��nqp%n�pRjm|q�H�k��ls{8h�hk|��H��ruh��hk�

n
{8t}jl nq��xâÈ(�f��lu|�{qt}{8pHpR�

�lut4ru�
f
ã �/|�hk�Kn�t}jm{qlulU�fls|qhkh�|&nqpJls��n�t}jm{qlulU�fls|��m�|4x

q rujR��H�
t1 ∈ Z

G�¡�pRrsh�{YpRpR�
t0 ∈ Z

|qlU{8t}�âÃit}{�{Y�
f(t0) = t1

xâµ×pRrsls{8pHpR� ÙÚ�Rrut¥�
{8hkjm|�t4�Æ�k��nqpLrur�pHÛ

i ∈ {0, . . . , n − 1}
|qls{qt4�âÃ¯t}{�{Y�

ai + i ≡n t1
nqp�pL|qt}{qt}{8pHpR�

t0 = t1 − ai

x�È��Rrurs«Hlu�âÃjR�R|qj�p
t1 − ai ≡n i

Ã��kluls�
f(t0) = f(t1 − ai) = t1 − ai + ai = t1.yfluls|

f
�H�£|qhk�Çn�t4j�{8ls�kx

¿R�H| ���m{
f(t1) = f(t2)

Ã¯�kluls�
t1 + ai = t2 + aj

ÃÕ��ls|q|8�
t1 ≡n i

Ã
t2 ≡n j

nqp
i, j ∈ {0, . . . , n−1}

xmylururs�Hlu�
t1 +ai ≡n t2 +aj

nqp t4�kt}rurut}t4�
i+ai ≡n j+aj

Ã
|qlsrur��

t1 ≡n i
nqp

t2 ≡n j
x q rst}{8h�j|�t4������nqpRrurup

i = j
ÃRn��R{qt4�/�%�H«H|

ai = aj

nqp
t4�kt}rurst4t4�

t1 = t2
xæyflslu|

f
�H�£lu��n�t}j�{8lu��x

�

rsA):<tuC#v�@B@L:MEÄ¿R�R�k�
a0a1a2 = 435

t4lit4|�ls{8�J|�ls{qt4|�~�pR�f��jmh��lu�R{8p�Ã�|qlsrur��
{[at + t]3 : t = 0, 1, 2} = {[4 + 0]3, [3 + 1]3, [5 + 2]3} = {[1], [2]} 6= Z3.

rsA):<tuC#v�@B@L:MEÄ¿R�R�k�
a0a1a2 = 453

t4|qlU{q{8�H�V|qls{qt4|D~�pR��;jmh��lu�R{8p�Ã�|qlsruru�
{[at + t]3 : t = 0, 1, 2} = {[4+0]3, [5+1]3, [3+2]3} = {[1], [0], [2]} = Z3.

g�pRhk|qt}t4���fx �JpF�hkrurupV�R�Hlu�kpHpR�����Rls�/|�hk¡�{8t4t}rurslu|qt}�/¡�t4ru�¯�H|D{8li���R¡�����Ã�t4|�ls{�{Y�H�RjL«
pR�k�kt¥{q{qh�ruhkjmh�n��H���%|qlU{8t}|�~�pR�f�;jmh��ls�R{Yp�xk¿R�H¡k��pL����t��lst4r��9r�pRh�|qt4t}rurst0|�t4hk�qpRhkjH�
|qlup�Ã�n��Hls�kt4�£pF�hkrurupªjhf�fls�Hls{8pª�H�£¡kt4rs�k�Õ�J�%�R«H|��Ht4��t4�q�Rlu��p�x

àBE¢-BE��BC^�Qv�eZ��A�E�µ×pLjls��n��H�k�
a, a, . . . , a

Ãön��H�kj�p �klU{8hkh�|ä�H�
n
ÃLt4|qlU{q{8�H�×nqpRjm|q�HrM�

ruls|�{Ypª|�ls{qt4|�~�pR�f��jmh��lu�R{8pJj�pRlsjmlururup
a ∈ N

Ã
n ∈ Z+

x
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å²©�pRlsjlsrurup

a ∈ N
���L{8t}t

{[a + t]n : t = 0, . . . , n − 1} = {[t]n : t = 0, . . . , n − 1} = Zn.

�

rsA):<tuC#v�@B@L:ME§yls{8t}|�~�pR�f��jhf�fls�Hls{8p����LpL{9���/x�n��H�k�R{
2, 33, 444

nqp
5555

xâg�h�
�hk|q|qp��£{q�f�kls|�{qt}{YpRpR�âÃit}{�{Y���RpLjls�Hjmh��lu�H|�|8p

a, a . . . , a
�kpRrurs��n�t4��ruh�jh����H�L�8�

�H�
a
x

àBEuÓBE��BC^�Qv�eZ��A�E q rsjR��H�
a0, . . . , an−1

|qls{qt4|D~�pR��;jmh��lu�kÃ>nqp%�HrsjR��H�
ak ≥ 1n��Hrurst4jmlu�

k ∈ {0, . . . , n−1}
x�È(t4¡k���R�R�ªjmh��lu�Hrsrutc�k|}xH}mk'o¢�^���m� �4�^¤Z¤���l�}mk'o¢�Z��o|�¡�

�¢�
[k]

� k
[k+1]

ã4�LpRrsls{8pHpR�0�LpRls¡kt4t}rurst
[k+1]

t}�khk|D{Yp�nqp
l
n��RhkjR�H|D{Yp

{0, . . . , n − 1}
³��



nqpJpR|qt¥{8t}{8pHpR�
bl = ak − 1,

bk = al + 1,

bi = ai,
jmhk�

i 6= k, l
x

È��Rrurs«Hlu�
b0, . . . , bn−1

�H�/|�ls{qt4|�~�pR�âx
½�¾¿ÁÀ|Â�ÃQÄhÂ^ÅT¦�lulU{q{Y�R� �H|q�HlU{q{8pHp�Ã�t}{�{Y�

[bl + l] = [ak +k]
nqp

[bk +k] = [al + l]
x

çX�Rls���H�âÃk|�lururu�
[bl + l] = [(ak − 1) + (k + 1)] = [ak + k]

nqp
[bk + k] = [(al + 1) + k] = [al + (k + 1)] = [al + l].

�

rsA):<tuC#v�@B@L:MEH¿R�H���
a0a1a2 = 333

�H�%yft4h��8pRhkjm|�t4���fx.Ü��¯t4��hk|�{qt4t}rur�p�|�ls{8t}|�~�pR�f�
jmh��lu�kxÄµ×pLruls{8pHpR�

k = 0
Ù
a0 = 3 ≥ 1

Ûcnqp�pR|qt¥{8t¥{YpHpR�
b1 = a0 − 1 = 2

Ã
b0 = a1 + 1 = 4

nqp
b3 = a3 = 3

xcyfpHpR��pHpL�*jhf�fls�
423

xä©�hk��{8�R|q|q�
t4�kt}rurst4t4�Ö�RpLruls{8pHpR�

k = 1
Ã×|8pHpR�kpHpR�Êjmh��lu�

441
x×gih��hk|�|8pÁ��{8��kls|�{8t¥{YpHpL�âÃ

t}{�{Y�ª�LpRlu¡�{8�R�ªhkhk�k���H|�t4li�ªh�h�{YpJ��pRrsru��n�t}��ruhkjmhk���H�R�q�H��x
º;�Q?2t»:<?QE¯yfh��H�qlU{q{YpL��pRrsr�p |qpR��p9�RpLlu¡�{8�H�%hkhk�k�k�R|�j�pR¡k�kt}|�{qlâ�Õt}�8�Rjmj��Rls�����H���
���m{Y�H�L�£{8pRj�pRlu|�lu��pRrsjh��Õt}�8�Rls|qt4t}��jhf�fls�f�R�âx
yft4h��8pHpF�LpRjm|ql�{8��kls|�{8t¥{YpHpL�âÃ�t}{�{Y��jLpLlujmjml�|qls{qt4|D~�pR��;jmh��lu�R{×�H�Rlu��pHpL���Rt4�kt}�q�Hls��p
�LpRjmlu��n��H���Hlu|D{Yp%�LpRlu¡�{q�H�ªhkhk���k�Hjm|qlsrur�pfxÈ���{Y�V�RpL��{8t}�£{8pR���lU{YpHpR�
àBEáËmèLEd¼�C^t»tue�E9¿R�H|§t}lU���LpRjmls��n��H�k�

a0, . . . , an−1

t}|qlU{q{Y�R��|�ls{8t}|�~�pR�f��jhf�fls�R{YpfÃ
�kluls��n��R�k�H|�{8pXru«>�m{;�m�9��pRjm|�lu��pHpRruls�kt4�9pRrsjmlu�

ai

|qlU{8t4�ÄÃLt¥{q{Y�
ai−ai+1 ≥ 2

x�Ùá¿R�H|
{Y�R|�|8�

i = n − 1
Ã��kluls�

ai+1 = a0
xåÛ

½�¾¿ÁÀ|Â�ÃQÄhÂ^Åc¿R�H|��Rrulu|�l
ai − ai+1 = 0

j�pRlsjlsrurst9��pRjm|qls��pRpRruls|qlursrut�pLrujmlu�Hlsrurst
ai

Ã
�kluls��|qt}rs�L�R|�{qlujmlu�%n��H�����Hrslu|�lÕ�LpRjmlu��n��R�k�kxæ¿R�H|�{8pHpR|�t4�kt}|0�¡k�kt}rurst���pRjm|�lu��pHpRrulM�
|qt}rurut�pLrujmlu�Hrsrut��Hruls|ql

ai − ai+1 = 1
Ãk�kluls���Hruls|ql

ai = ai+1 + 1
nqpVt4��t4rurst4t}�

[ai + i] = [ai+1 + (i + 1)],t4rsl�g�pRhk|�t4t}� �fx �£�k��nqpRrsr�pVn��R�k�
a0, . . . , an−1

t4l�t}|qlU{q{Y�Llu|qlc|�ls{8t}|�~�pR�f��jhf�fls�R{Ypfx
�

àBEáËæËZEd¼�eZ�hA,C5E%¢/luj���{YpL¡�pR�k|qp£|�ls{8t}|�~�pR�f��jhf�fls�£�R�Hlu�kpHpR���Ht4��t4�q�Rlu��pØ�LpRjmlu�L�
n��H�k�H|D{YpVr��L¡m{qlut}��jL�F�m{q{8�R���Rruru�%�Õt}ruj��R|D{Y�H�R���LpRls¡m{q�H�ªhkh��k�k�H|D{Yp�x Ñ
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q rujL�f�R�

a0, . . . , an−1

��lut}ruls�LpRrU{YpRls�kt4��|qls{qt4|D~�pR��;jmh��lu�kxâ¿R�H|×n��L�
�k�X�R�[�LpRjmlu��n��R�k�kÃ>�Hrsr�pHpR���LpRrs��lsls{YpfxF¢/h�hk|q|qp0{YpR�kpRhkjm|qt}|q|8p�git}����pR�%�fxswFÂ��k���
nqpRrurupVru«>�m{;��/��pRjm|qlu��pHpRrslu�kt}��pRrujmls�

ai

|�ls{qt4�âÃ¯t}{�{Y�
ai − ai+1 ≥ 2

xÕÈ(t4¡����H�R�
Ñ6ùfíDîÎì�ðmòÚðÔôáíqò<Kâõö÷��Kø�ê¥ë4ô�õ¥õh�Kø�ø�îÎíDë�òÎõÜôÎñ¥òÚôÎñ�ü õöø�òáíDíqòKô�õ !
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�LpRlu¡�{8�R�ªhkh�{q�H|Ü�LpRls¡kt4lsrurut
[i]
nqp

[i + 1]
Gm{Y�L���%��lut4��t4��{Y�H�[ruhkjmh�p

ai

�¡k�kt}ruru��nqp
|qhkh��qt4��{8pHpØruhkjmh�p

ai+1
�¡k�kt4rsr���xæÈ(�Hlu|D{8t¥{YpHpR���k�q�H|�t4|�|ql�pfÃÕjmhk�k��t4|�|8pRpL{8h�n��R�k�

�H�V�LpRjmlu��n��H��� + xmyft}�Xnq�RrujLt4t4�Jt}�kt}{8�H�R�Jru�H��hk|�{8p�pRrujmhkhk�ÄÃ¥n��Hrurs�Hlu���LpRjmlu��n��R�k�H|�{8p
|8pHpL��pHpR�£pRrsjh��Õt}�8�Rls�kt4�%n��H�k�

a0, . . . , an−1

x
�

rsA):<tuC#v�@B@L:MEÄ¿R�R�k�
a0a1a2 = 531

�H�/|�ls{qt4|�~�pR�âÃ�|�lursr��
{[at + t]3 : t = 0, 1, 2} = {[5+0]3, [3+1]3, [1+2]3} = {[2], [1], [0]} = Z3.È��R|q|q�

a0 = 5
�H�Á��pRjm|qlu��pHpRrslu�kt}��pRrsjmlu��nqp

a0 − a1 = 5 − 3 = 2
x²©�hk�

�LpRlu¡kt}lursrut
[0]
nqp

[1]
{8t}¡k���H�L�/�LpRlu¡�{q�H�ªhkhk���k�H|4Ãæ|qpHpR��pHpL�Jn��H�k�

b0b1b2 = 441
x

È��R|q|q�
b1 = 4

�H� ��pRjm|qlu��pHpRrslu�kt}�*pRrsjls��nqp
b1 − b2 = 4 − 1 = 3

xÜ©�hk�
�LpRlu¡kt}lursrut

[1]
nqp

[2]
{qt4¡k���R�R���LpRlu¡�{q�H�ªhkhk���k�H|4Ã�|qpHpR��pRpR�Jn��H���

c0c1c2 = 423
x

È��R|q|q�
c0 = 4

�H�Á��pRjm|�lu��pHpRruls�kt4��pRrujmlu��nqp
c0 − c1 = 4 − 2 = 2

xäÈ(t4¡f�
���H�R���LpRls¡m{q�H�ªhkh��k�k�H|��LpRls¡kt4lsrurut

[0]
nqp

[1]
Ã�n��Hrsru�Hls�����R�R���m{Y�H�L�£�LpRjmlu��n��H�k��H�

333
x�ç��m{FÃ�jmhk��{8�R¡��R�[n��H���f�H��{8t4¡����H�R��t}�kt4rsrulu|�t}{×�LpRlu¡�{8�R�ªhkhk�k���Hjm|qt}{�jL�R�R�f�

�kt}{;�|�|8�[nq�R�Kn�t}|�{;�jm|qt}|q|8�fÃi���H�R���m{8�H�R��t}�k|qls��n��H�k��H�
423

Ãæ|qlU{q{qt4��n��H���f�H�
441nqpVru�H�kh�j|�lfn��H�k��H�

531
x

gi�H�khkjm|ql¯{8��klu|D{YpR����t�g(pLhk|qt}t4rurst��fxå���lst4r���j�pRjm|qlÕjL�F�m{Y�L�k�k«Hrsrulu|D{Y��|qt}hk�8pRh�|�{Ypfx
àBEáËàBE��BC^�Qvmey��A'E q rujL�f�R�

a0, . . . , an−1

|�ls{8t}|�~�pR�f��jhf�fls��nqp
0 ≤ k ≤ n− 1

x
È&t}¡k���H�L�/jmh��lu�RrurutX�k|4xL�¢��i'kDk'�¡o� �^�^¤Z¤���l��LpRls¡kt4t}|qt4t}�

[k]
ãæpR|qt¥{8t¥{YpHpR�

bk = ak + n,

bi = ak,
jmhk�

i 6= k
x

È��Rrurs«Hlu�
b0, . . . , bn−1

�H�/|�ls{qt4|�~�pR�âx
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å²g�pRhk|�t4t}�Æ�fxå�ª�k��nqpRrsr�pª|qt}rs�L��Ãk|�lursr��

[bk] = [ak + n] = [ak]
x

�

rsA):<tuC#v�@B@L:MEi©�h��lu�H|D{Yp
a0a1a2 = 423

Ù
n = 3

Û�|qpHpR��pHpL��ru�Hj�pHpLrulursr�p%�%hkhk�f�
�k�Hjm|qt}rurup0jmh��lu�

453
Ã�jmhk�ª�LpRrulU{YpHpL�

k = 1
xLgi�Hj�pHpRrslu�9�ªhkhk�k���Hjm|qt4�ª�R�Hlf{qt4¡k�k�

�%�H«R|��L�R¡kt4��{8�R���Lrur���ÙK{q|4x
bk = ak − n

ÛöÃ���luj��Rrsl
ak ≥ n

xkçX�Llu�Øjmh��lu�R|�{Yp
453|8pHpL��pHpR� t4�kt}rurst4t4� jmh��lu�

450
Ãäjmhk���LpRrulU{YpHpL�

k = 2
xcg�hf�fh�|q|8pÀ��{q�f�kls|�{qt¥�

{YpHpL�âÃHt}{�{Y��ru�Hj�pHpLrul�ªhkhk�k���H|Än��HjR�9ruls|8�H�X{8pRl��L�R¡kt}�m{8�H����pRrurs��n�t4�Jrshkjmhk���R�R�8�H�
�¡k�kt4rsr���x
àBEáËÝBE��BC^�Qvmey��A'E q rujL�f�R�

a0, . . . , an−1
|�ls{8t}|�~�pR�f��jhf�fls�kx�È&t}¡k���H�L�[jmh��lu�Rrurut

�k|4x^Ý'�¢�'Þ6kDk'�¡oª� �4�^¤Z¤���l§t4rul�pR|qt¥{8t¥{YpHpR�
bi = ai +1

j�pRlsjmlururst
i ∈ {0, . . . , n−1}

x
È��Rrurs«Hlu�

b0, . . . , bn−1

�H�/|�ls{qt4|�~�pR�âx
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å²©��H|qj�p

n ≡n 0
Ã��H�

{[0], . . . , [n− 1]} = {[1], . . . , [n− 1], [n]}
x

µ��RlU{8t�|�t4hk�qpHp�rupRhk|�t4t4|D{Yp��fxå�fx
�

+ �æîÎê}òáí�òÎòáð¯íDðÄó¥ê}ðÕê}üÔü õ�üåê¥÷�ø>ôáê}ë#��òáðåüÔü ñ�óFðåðÔì�íDð òÚôÎñ¥ñ¥ë
n
" ëJóYõöðåþ}ôÎê¥ìÜø�ø�ë�ë�ê}ï>òÚí�ëj�Úñöüåï¥íDí�ë

�Kê}ï8õ¥ðÔë�íDëXì�õ¥ï>òÚðåì�õ¥õöüåðåë�íDëXüÔø�ï4øXê¥ë ÷�ðåíDë�íDë4ô>�Fë,�4ôL�Fþm�>í�üÔü ñ !
Ë�´



rsA):<tuC#v�@B@L:ME�©�h��lu�H|D{Yp
441

|qpHpR��pHpL�ª�Hru�R³�pHpRrslururup��ªhkh��k�k�Hjm|qt}rurupXjmh��lu�
552

x
·�rs�H³�pHpLrulu���ªhkhk�k���Hjm|qt4���R�Hl�{8t4¡������%�R«H|0�L�R¡�t4��{Y�R���Rrsr��£ÙK{q|4x

bi = ai − 1
ÛöÃ

��lsj��Rrul
ai ≥ 1

j�pRlsjmlururup
i ∈ {0, . . . , n − 1}

x&çX�Rls�Àjmh��lu�H|D{Yp
441

|8pHpR�kpHpR�
jmh��lu�

330
xkgih��hk|�|8p��V{q�f��lu|�{qt}{8pHpR�âÃft}{q{8�V�Hru�H³kpHpRrulæ�ªh�hk�k�k�H|§n��HjL�Jrulu|q�H�[{8pRl

�L�R¡kt4��{8�H���kpRrurs��n�t4��rshkjmhk���R�R�8�H�%�¡k��t4ruru��x
gi�H�khkjm|ql���pRlu��ls{YpRpR���lut}r��%{q�qls�lupHpRrulæ{8h�ru�H|��%�R«H¡kt}�����R�V�lsls{q{8pRhk|D{Yp%�LpR��{qt4�âã
àBEáË�ÌQE��BC^�Qvmey��A'E q rujL�f�R�

a0, . . . , an−1

|�ls{8t}|�~�pR�f��jhf�fls�kx�È&t}¡k���H�L�[jmh��lu�Rrurut
�k|4x�l���im�¡o|¤���¤ß� �^�4¤Z¤���l�t4rslipR|�t}{8t¥{YpHpL�

bi = ai−1,
jmhk�

i ∈ {1, . . . , n − 1}

b0 = an−1.È��Rrurs«Hlu�
b0, . . . , bn−1

�H�/|�ls{qt4|�~�pR�âx
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å²©�h�{qt4�£|qt4h��8pRhkjm|�t4|q|qp��fxUw>��x

�

rsA):<tuC#v�@B@L:ME�©�hf�fls�H|�{8p��m�R�Ø|qpHpR��pRpR�Æ|��jmruls|qlursr��J�ªhkhk���k�Hjm|qlsrur�p�jmh��lu�R{��L�m�
nqp��R�R�kx
ºfeyv&�,?2:|=��hA =�C^Íª=�_D±Q:>_

wRxä±²|qlU{q{Y�R�RjR« n��H�k�
55514

|�ls{qt4|�~�pR�f��jmh��lu�R{8pDÌ%±²��{Y�Xn��H�k�
5514

Ì
�x²·�t4�kt}�q�Hlijmh��lu�

61616
ru�R¡�{8lst4��rulslujmjRt}t4rsrutXjmh��ls�H|�{8p

44444p�Û[j��F�m{q{Y�L���Rrsr��%rs�Hj�pHpRrsl�p�nqp��Hrs�H³�pHpLrul�p��ªhkh��k�k�H|D{Yp
³æÛ%j��F�m{q{Y�L���Rrsr��[�LpRls¡�{8�H�ªh�hk�k�k�H|D{Yp�x

�fx p�Û q rujL�f�R�
f n

�snqpLj|��Hrurslu�kt}��|qlU{8t4|D~�pL�VnqpV�HrsjR��H�
k
ruh��hk�

n
�����

�klsjRt}��{Ypfx q |q�HlU{Yp�Ãkt¥{q{8�
d(t + k) = d(t)

x
³æÛ q rujL�f�R�

f
|qls{qt4|D~�pR�ÄÃ¥n��Hrurst

df(t+n) = df(t)
n��Hrsrut}jls�

n ∈ Z+

x
q |q�Rls{YpfÃ�t}{�{Y�

f
ã �ªnqpLj|��H�k�klU{8hkh�|��H�/rsh��hk�

n
{8t4jml nq��x

Ë²³
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¿R�H| pR�k��t}{q{qhk��p �H�
n
�snqpRjm|q�Rruruls|�{8p |qlU{8t}|�~�pR�f�;jmh��ls�R{Yp t}|qls{�{Y�F�L� ruhkjmh�n��R�k�

a0, . . . , an−1
Ãi��lulu����ls{8�Øjhf�fls�H|�{8p��R�Hlu�kpHpR��|8pR����pDÌ�±²�k�kt}�Àj�pRlsjjLtFp�Ãi���H�f�

{YpRjL���kpRrurs��p%jmh��lu�H|�|8pJ�H�%nqp���lursr�pRls|qlup��qpL{8��nqpJt}�qli��pLruru�L{�jmhkrujLt}�LpL{6Ì
git4����pR|�|8p��fxå� {8��klu|D{8t}{�{8lslu�âÃ�t¥{q{Y�

n
�snqpLj|��Hrurslu|�t4��|qls{qt4|D~�pR��;jmh��lu�H�Ò�LpRls¡kt¥�

ÅKhk�kj�{8ls�
fn

�R��³klon�t}jm{qlu��n��RhkjR�HrU{Yp
Zn

ls{q|qt4rsrut}t4�âÃm{8|}xLn��HhkjR�R�
Zn

�¯t4�q�%h�{YpHp�{8lu�
ÙÚjm|4x�rululU{8t0¬�Û¥xfÈ��Rrurs«Hlu��t4��ls{;�lu|�t4|�{qlmn��Hj�pRls|qt}rur�p9pRrsjls�Hrurup

[t] ∈ Zn

�H��{qlut¥{q{;��jRt4�6�
{YpRrshkjmhÆ�Õt}�q�ªhf{YpHpL{qlu�H|�|8p

fn

Ãâ��lu|�|8�ØjLt4��{8pRruh�jh
m
|8pHpL��pHpR��|qt}rs�lursrut9�Õt}�q�ªh�

{YpHp�{8lu�R�%|��jmrulst4|�ls{;�jm|qt4|D{Y��ÙÚjm|}xRrulsls{qt�¬�ÛöxLÈ��L���0{qhkrujmlU{YpHpR�[|qlU{8t4�ÄÃLt¥{q{Y���RpLlu¡kt}t4rU�
r�p

[t]
¡kt4lU{8t¥{;�f���kpRrurs�H��¡�t4ls{�{8�R{8pR¡k�klU{×jL�F�m�L�L{�ru�R�kl

m
t4��l¯�LpRls¡kt}{�{Yp�Ã4nqp[�LpRls¡kt4t¥{

{8�Hls|�{8p>�LpL{�ls{8|�tF�H�L�
m
¡kt4lU{8�H�%nqpRjm|��Hlu|�|8p�x

ÝBEáËZEdwx_y_yvm:>=)C4\<tu_BE�¿R�H|
f
�R�

n
�UnqpRjm|q�Hrsruls�kt4��|qlU{8t4|D~�pL�f�;jmh��lu��Ãf�klslu��{YpR¡k��lurU�

r�p
t
¡kt}ls{8t¥{q{8�>�L�R����pRrsru�H��¡kt}ls{q{q�R{YpL¡m{qlut}�
�LpRls¡kt4ls�kt4�Øn��HhkjmjR�Hp/jmh�{8|�h�{YpRpR��jR��x

��pRrsru�H�ß}mk'o¢�Z����kDnDkmi�l�oRnqpV��t}�qjmls{8�H�R�
[Ot] := {[t]n, [f(t)]n, [f

2(t)]n, . . . , [fm−1(t)]n},��ls|q|q�
m
�H���LpRlu¡kt}t4�

[t]
jRt4�D{YpRrshkjmh/�¯t4���ªh�{8pHpL{8ls�H|q|qp

fn

x
È§pL¡k�klursr�p

t
¡kt}ls{qt}{q{8�F�R�L����pRrsru�H�V�LpRls¡kt4�qpL{Yp��H�Ø|�lulu|²�¡�{Y�%jmhkls�ØpRrsjmlu�H�

[t]
|D�fjmrsl

�Õt}�q�ªhf{YpHpL{qlu�H|�|8p
fn

x
º;�Q?2t»:<?QEf¿R�H|²{YpL¡k�klursr�p

t
¡kt}ls{qt}{Y�R�R�Vjmh��ls{q{qt4t}ruruls�kt4�V�kpRrurs�kÃL��lulu�

[f k(t)] = [t]j�pRlujmlursr�p
k ∈ Z

Ã�t4rsl
m = 0

nqp
[Ot] = {[t]}

x
ÝBEuàBEd¼�ey��A,C5E[±²�qlâ��pLruru��n�t4���LpRlu¡kt}�8pR�kpL{&n��HjL���¡�{;�m�R��{0{8pRlâ�>�LpL{�t4��lururslu|�l���x
½�¾¿ÁÀ|Â�ÃQÄhÂ^ÅäÈ(�f��lu|�{qhk|��H�ÒpR��pRrs�H�Hlu��t4� rupRhk|�t4t4� wHxswRwÀ{8��klu|D{8hkjm|�t4� j�pR�k|�|8p
ÙÚjm|4x��[�H«H|�¨XxÔ� nqp�¬XxUw>Â�Ûöx

�

È&h�rut}�ls|q|8p�t}|qlu��t4��jRt}lu|q|q��nq��{8t}{8�H�R�Jhk|�t4lu����t4�qjmls�m{q«�n�t4�V�jm|qls�kjRt}��{YpLlu|�{8pR��lu|qt}jH�
|qlÄ�LpRls¡kt4ls�kt4��¡kpRj�pR|qhkrsjRt}t}{

[ ]
�¯�Hlu|}x�¦X|�l�pF�¡�{8t}��kt}|�{8��j��F�Ølsru��lÎÃmt}{�{Y�ªj��|qt9�H�

n��HhkjL�H�
Zn

pRrujmls�Hlu|D{Yp�Ãt4lfn��Hh�jR�H�
Z
pRrujmlu�Rlu|�{8p�x

ÝBEuÝBE�rsA):<tuC#v�@B@L:ME ±²|qls��t}�qjmlu|�|8���fxåv�t4|�ls{8t¥{q{;��jmh��ls�H�
453

�LpRls¡kt}ÅKh��kj�{8lu�
( 0 1 2

1 0 2 )|8pHp£|��jmrulst4|qlU{;�j|�t4|�|8���ªhk��k�H�
(10)(2)

��lu|D{Y�����R¡k�k�H�R�âÃ�t}{�{Y��jmh��lu�H|�|8p��H�
j�pRjm|ql²�LpRlu¡kt}�8pL{8pHp�Ã

[O0] = [O1] = {0, 1}
nqp

[O2] = {2}
xâµ×pRlu¡�t4�8p�{YpHp

[O0]
Ë�¸



jmlut4�D{Y�F�lut}����pRrsru��n�t}��¡kt}ls{�{8�R{8pR¡k�klU{�jh�hkruh��LpL{0�hk�H�q�L{8t4rsrut}�£�LpRls¡kt4ls|qluls�
0
nqp

1
Ã

nqp%�LpRlu¡kt}�8pL{8pHp
[O2]

jmlut}��{8�>�lst4����pRrsru��n�t}��j�pRlujmjmlÄ¡kt}ls{�{8�R{8pR¡k�klU{�jmhkhkrsh��LpL{��LpRlU�
¡kt4t}|qt}t4�

2
x

ÝBEUÌQEdwx_y_yvm:>=)C4\<tu_BE0µ×pRlu¡kt}�8pR�kpR�
[Ot]

�2o|�<�^�#l�jmh��lu�H|�|8p
f
�R�£rshkjmh

l([Ot]) := fm(t) − t ∈ N,

��ls|q|q�
m
�H���LpRlu¡kt}t4�

[t]
jRt4�D{YpRrshkjmh/�¯t4���ªh�{8pHpL{8ls�H|q|qp

fn

x
µ×pRlu¡�t4�8pL��pR�Ê�klU{8hkh�|ØjRt}��{8��*���H��{YpRjL��{YpR¡�{8lupÀ��pRrsru�HrU{Yp�jRt}|�{Y�R�Áj��F����À�LpRlU�
¡kt4�qpL{YpL�k|8p��LpRlu¡kt}t}{9jRt}��{8pHpRrurst4t}��ru�R�klÎxâ±c��ls{;�lu|�t4|D{8lÎÃÄ��lsjL�R�R�Æ�RpLlu¡kt}�8pL{8pHp

[Ot]jmlut4�D{Y�F�L�X��pRrsru�0t4lm�H�Hlk�Rrur�p�j�pR¡�{YpXjLt4�D{YpHp |qpR��pL|q|8pX�LpRls¡kt4t}|q|qp ��lsrur��R�R�
l([Ot])

�
�kls{qhklu|�t4rsr�p[�L�Rrslururu�

{i, i + 1, i + 2, . . . , i + l([Ot]) − 1} ⊂ Z
xÕgils|8�Rjm|qláÃ�jR�H|�j�p

[fm(t)] = [t]
Ãf��lulu�J�LpRlu¡�t4�8pL��pR����ls{8h�hk|

l([Ot])
�H�9nqpLj|��H�k�klU{8hkh��kt4�

n
���R�klU�

jRt}��{Ypfx
º;�Q?2t»:<?QEÕ¿R�H|

[Ot]
�H��jmh��ls{�{8t}t4rurslu|�t4�Ø��pLruru�R���LpRlu¡kt}�8pL{8p�Ã���lulu�

fm(t) = t
nqp

l([Ot]) = 0
x

µ×pRlu¡�t4�8p�{8��n�t}�£��ls{8h�hk�kt}{��H�£¡kt}ru�k�¯�Jr�pR|�jRtFpJ|qt}hk�8pRp>�LpR�£rut}����pR��pF�hkrurupHG�t}|qlM�
��t}�qjmjmli|qt}hk�8pHpJrut}����pR�9nq�LrujRt}t4�âx

ÝBEußBEd¼�C^t»t×eBE�±²|qls{�{Y�RjL«f«R��n��R�k�
a0, . . . , an−1

|�ls{qt4|�~�pR�f��jmh��lu�R{8pänqp��HrujL�f�R�
t ∈ {0, . . . , n − 1}

xkÈ��Rrsru«Hls�

l([Ot]) =
∑

[i]∈[Ot]

ai,

��ls|q|q�
i
�R�£�LpRls¡kt4t}�

[i]
t}�khk|D{Yp�nqpJ�R�Lrulursr��

{0, . . . , n − 1}
x

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å§µ �Rls{qt �H����t4rujL�ª|qt}rs�L��Ãf|qlursr��
[i]
�Î�RpLlu¡kt}lu|qt}rurup�{8pR¡k�klsrur�p9��pRrsru�%¡�t4lU�

{8t¥{Y�H�R�
ai

{YpR¡��klu�����H�L¡��R�âxkµ×pR��|qls��pRlu��t4�Ø{8��kls|�{8h�|qjmlu���H��|qh��H�8pF�lulU�RpLlu�kt}�âã

fm(t) − t =
m−1
∑

k=0

fk+1(t) −
m−1
∑

k=0

fk(t)

=

m−1
∑

k=0

(

fk+1(t) − f k(t)
)

=

m−1
∑

k=0

(

f(f k(t)) − f k(t)
)

=

m−1
∑

k=0

d(f k(t)) =
∑

[i]∈[Ot]

ai.

µ lslu��t4lu��t4�Ê�¡�{Y�R|�hkhk�qh�hk|�|qt}hk�8pRpÖ|qlsls{8��Ã�t}{�{Y�
d(f k(t)) = ai

Ã���ls|q|8�
i
�H�

�LpRlu¡kt}t4�
[fk(t)]

t}�khk|�{8p�nqpV�R�Lrulursr��
{0, . . . , n − 1}

x
�
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Ùá±²|�lu��t4�qjmjml���xÔ��ÛÕ�LpRls¡kt4�qpR��pR�
[O1] = {0, 1}�kls{qhkhk|��H�

4 + 5 = 9
xæçX�Llu���Hrurst4�âÃ�n��H|��RpLlu¡kt}�8pL{8pHp

[O1]
jlst4�D{Y�F�L�J�kpRrurs��¡�t4lU�

{8t¥{Y�H�R��{YpR¡��klursr�p
t
nqp��LpRlu¡kt}t4rsr�p

[t] ∈ [O1]
Ãm�kluls�J��pRrurs��¡kt4lU{8t¥{Y�H�R���LpRlu¡kt}t4rsr�p

[t]|qt}hk�8pHpF�LpR�£jRt}�q�8pL�/{YpL¡k�klursr�p
t + 9

x

ÝBE|©ªEd¼�C^t»t×eBE�±²|qls{�{Y�RjL«f«R�Jn��H�k�
a0, . . . , an−1 n

�snqpRjm|q�Rruruls|�{8pJ|�ls{qt4|�~�pR�f��jmhf�
�lu�R{8p×nqp��RrujR��H�

t ∈ {0, . . . , n−1}
x�È��Rrurs«Hlu�[�8pL{8pHp

[Ot]
jmlut}��{8�>�lst4�J��pRrsru��n�t}�

ruhkjmhk���H�R�q�ª�H�
1

n
l([Ot]) =

1

n

∑

[i]∈[Ot]

ai.

½�¾¿ÁÀ|Â�ÃQÄhÂ^Åc¿R�H|
[Ot]

�R��jhf�flU{q{qt4t4rsruls|qt4���kpRrurs�H���LpRls¡kt4�qpL{Yp�Ã�klslu�
l([Ot]) = 0nqpª�R�Lls{8t�����{8t4tLx¯¢/hkh�{q�Hlu�ÄÃ�jR�H|�jLp

l([Ot])
�H�ªnqpRjm|q�R�k�kls{qhkhk�kt}�

n
���H�klujLt4�D{Yp�Ã

�kluls�J�8pL{8pHp
[Ot]

jmlut}��{8�>�lst4����pRrurs��n�t4�Jrshkjmhk���R�R�8�
p
�H��jL�HjR�R��pRlu|�ruhkjmhâxfyflslu|����

��lst4rsls�LpRrs{8pRlu��t4�
l([Ot])

�;�klU{8hkls�kt4�[�R�Lrul
I ⊂ Z

|�lu|8�Lrs{Y�R�
pn
{YpL¡m{ql�p�Ã8nqpÜn��Hj�pRlu��t4�

�8pR�kpR�
[Ot] ⊂ Zn

�RpLlu¡kt�t4|�luls�m{;�m��{8�Rruru�%�R�Lrulursr���{Y�R|����Rrsrut}t4�
p
jRt4�D{YpHpfxÄ©��H|qj�p

��lsj��H�R���qpL{YpHp
[Ot]

jmlut}��{Y�F�L����pRrsru�Øt}lä�H�Hlä�L�Rrslururu�
I
|8pHpL��p�|8pR��pHpØ�LpRlu¡kt¥{q{8p

j�pR¡k�kt}|�{8l�ÙÚjm|4xc¢/�H�R�qlU{8t}ru���R����x ��nq�RrsjRt4ls�kt4�*¡mhk�R��pRhf{8hk|8Û¥Ã§��lulu���f¡��kt4�*�LpRlU�
¡kt4t}��n��Hj�pRlu��t4��t}|qluls��{;�f����Ù

p
jm�kr�Û��LpHpL{qlul��H��pR����pRrsru�H��|8p�x�µ×pRls¡kt4�qpL{YpHp

[Ot]jmlut4�D{Y�F�lut}�À��pRrsru��n�t}��ruhkjmhk���H�R�q���R�À|qlslu|��L�R¡kls�m{8�H�R�
p
x�È(�Hlu|qpHpRrs{8p[n��Hj�pRlu�kt}�

�LpRlu¡kt}�8pL{8pHp
[Ot]

jmlut}��{Y�F�L���kpRrurs��j��F���L�Rrulsrur��
I
r��R�kl�j�pRlsjjmli�LpRlu¡�t4t4��|8p�ÃHn��R{8t}�

�LpRlu¡kt}�8pL{8pHp
[Ot]

jmlut4�D{Y�F�lut}�£�kpRrurs��n�t4��rshkjmhk���R�R�8�ª�H��{Y�L|q���Rrurst4t4�
p
x
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Ùá±²|qls��t}�qjmjml���xÔ��Û(�LpRls¡kt4�qpL{YpHp
{0, 1}

jmlst4�D�
{Y�H� 1

3
(4+5) = 3

��pRrsru��p×nqp��LpRlu¡kt}�8pL{8pHp
{2}

jmlut}��{Y�R� 1
3
·3 = 1

��pLruru��xH©�pRlujLt4�
j�pRlujmjml�pHpL��jhf�fls�H|q|qp

453
�H�£|qlslu|��kt}ronq�V��pRrsru��pfx

ÝBEuÓBEd¼�ey��A,CfØ�@5C^A,@L:>eyv�±2?2\<eZ�hA,CyÚ�E�¿R�R|æn��H�k�
a0, . . . , an−1

t}|qls{�{Y�H��|qlU{8t4|D~�pL�f�
jmh��lu�R{8p�Ãk�klslu����pRrsru��n�t}��ruhkjmhk���H�R�q�ª�H�ªn��H�k�H���mhk��t4�q�Rlu�kt}�£jLt4|�jlupR���R��t}rul

1

n

n−1
∑

i=0

ai.

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q rujL�f�L{Øjmh��lu�H�Ö�RpLlu¡kt}�8pR��p�{
[Ot1 ], [Ot2 ], . . . , [Otk ]

xXÙ
k ≤ n

xåÛ
g�pRhk|qt}t4����xå���ªh�jLpRpR�Ö�LpRls¡kt4�qpR��pL{����LpL{�t4��lursrulu|�l���Ãænqp�|qt}rs�L�R|D{8lX�k�L{8t}t��%�R«H|
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⋃k
i=1[Oti ] = Zn

Ãi|�lursr��9n��Hj�pRls�kt4��{YpR¡�{ql²jh�hkruhkh�n��H¡k�H��jls�Æ�RpLlu¡kt}�8pL{8pHpR�âx�¿R���
j�pRlu|�t4rurst��LpRls¡kt4�qpR��pRrsrut���pRrsru��n�t}�Øruhkjmhk���H�R�q�%|8pRpR��pHpR��git}����pR|�{8pª��xå��nqp%j�pRlU�
jRt}��j�pRlujmjml�pRpR����pRrsru��n�t}��ruhkjmhk���H�R�q�ª�H�

p([Oti ]) + p([Ot2 ]) + . . . + p([Otk ])

=
1

n

∑

[i]∈[Ot1
]

ai +
1

n

∑

[i]∈[Ot2
]

ai + . . . +
1

n

∑

[i]∈[Otk
]

ai

=
1

n

∑

[i]∈
Sk

i=1
[Oti

]

ai =
1

n

∑

[i]∈Zn

ai =
1

n

n−1
∑

i=0

ai.

�

yft4h��8pRhk|D{8t}�£�fx7Ü��D�fxUw>�9�¡�{8t¥��kt4|�|8�Jt4|qlU{8t¥{;�{Ü�L�Rls{�{8t4t¥{���pLruru��n�t4��ruhkjmhk���H�R�q�R|�{8�
�H�����m{�¡kt4rs�k�¯�%{8��kt4��{8pHpVg�pRhk|qt}t4�£��xÔ�ªpF�hkrurup�x�µ×pRjmlu��n��H���H�

a, a, . . . , a
jRt}|D�

jml�pR�D�H� �H�
a
Ã��LpRlu¡�{8�R�ªhkhk�k���H|§t}l��ªhkhf{Yp jRt}|qjml�pL���H�Hp×nqp �Hru�H³kpHpRrul�|�t4j�� ru�RjLpRpRrul

�ªhkhk���k�H|��ªhkh�{�{YpF�LpL{�jRt}|qjml�pL���H�Hp��¡k�kt}rur��fx
¢/luj��Rrsl²jmh��lu�H|�|8p��H��hk|qt4pR���kl×�LpRls¡kt4�qpL{YpfÃâ�H�Hls��pHpR��jhf�fls��¡�p�n��L{q{YpRp£�jm|qlu��
jRt}��{YpLlu|qt}����lulu���R|qluls��|qlU{8t4�ÄÃ�t}{q{8�J�¡k��t4�/{8pRlâhk|�tFpR����pR���RpLlu¡kt}�8pR��pL�£¡�t4ls{�{8�L�
�mhk��t}�q�R{9jL�H���LpL{8pHpR�
�k�Hrurslursr�p�x¯±²|qls��t}�qjmlujm|ql²jmh��ls�

453
�H�
�¡k��lu|�{qt4rs����jR�HrM�

��t}�À��pLruru�R�Æjhf�fls�H|�{8p
450

nqp��¡k�kt}����pRrsru�H��jmh��lu�H|D{Yp
003

ÙÚjm|4x(t4|�lu��t4��jjml
��x.Ü�Û¥xm©��Hru��t4����pRrsru�H�Jjmh��lu�H|�|8p

450
jmhkjmlu�Ø�kpRrurs��jlst4�D{Y�H��|8pR��pHp��LpRlu¡kt}�8pL{8pHp

{[0], [1]}
Ã¥n��R�kj�p9�klU{8hkh�|×�R�

9
G�jh�jls�����Llu|�{8����pRrurs�Hlu|D{YpX�%hk�f���H|�{8pHp �fjm|�lu���H�L�

jmh��lu�H�
400050000

x
rsA):<tuC#v�@B@L:ME�È&pR��jLpL|�{8t}rurupHpR��ruhkjmh�n��R�k��p

a0a1a2a3a4a5 = 637512
x�È��R|q|q�

{[at + t]6 : t = 0, 1, 2, 3, 4, 5} = {6, 4, 9, 8, 5, 7} = {0, 4, 3, 2, 5, 1} = Z6

Ã
n��R{8t}�0n��H�k�

637512
t}|qlU{q{Y�R� |qls{qt4|D~�pR��;jmh��lu�R{8p�xH©�h��ls�H�ª��pRrsru��n�t}�%rshkjmhk���R�R�8�

�H���kÃ�|qlsruru�
(6 + 3 + 7 + 5 + 1 + 2)/6 = 24/6 = 4

xkÈ��R|D{Y�J���R¡k���R�R���%�H«H|}Ã
t}{�{Y�Àjmh��lu�R���LpRlu¡kt¥ÅKhk�kj�{8ls�À�H�

( 0 1 2 3 4 5
0 4 3 2 5 1 ) = (0)(32)(514)

G²jmh��ls�H|q|qp��H�
|qlslu|ªjL�Hru��t��LpRlu¡�t4�8p�{YpHp�x(µ×pRlu¡�t4�8p�{YpHp

{0}
jmlut4�D{Y�H�

a0/6 = 6/6 = 1
�kpRrurs�kÃ

�LpRlu¡kt}�8pL{8pHp
{3, 2}

jlst4�D{Y�H�
(a3+a2)/6 = (5+7)/6 = 2

�kpRrurs��p(nqp��RpLlu¡kt}�8pL{8pHp
{5, 1, 4}

jmlst4��{8�H�
(a5 +a1 +a4)/6 = (2+3+1)/6 = 1

��pRrsru�kxLç0t}ronq�R�V�kpRrurs�H�
jmh��lu�

637512
jL�f�R|�{8h�h ���Llu��j�pR¡k�kt}|�{Yp*�¡k�kt}� ��pLruru�R�Ðjhf�fls�H|�{8p�Ã
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gQPX©�P��

^�_�df¾i`^R
½TSFU »�ºXW _MYc_MÑX¾LÒ b º�»�º Ö acaTÕka

q rujR��R{
n ∈ Z+

Ã
b ∈ N

x�8XpRrsh�pR����tJ���H�R�qlU{q{8�H��jLpLlujmjml
n
�;�klU{8hkls|qt¥{�n��H���R{

a0, . . . , an−1
Ã�n��R{8j�pªt4|�ls{�{Y�F�L�L{

b
ãÔ�£��pRrsru�H��|qlU{8t4|D~�pL�f�;jmh��lu�L{Yp�x�©�h��ls�Hlu�kt}��ruhf�

jmhk���R�R�8�R��r�pL|qjRt}��ls�kt4�J�H���klu|D{8hkh�g(pLhk|qt}lu�kt}���fxå��nqp9��xÔ�[pF�hkrsr�p�|qt}hk�8pHpF�LpR|D{8lÎã
t4�k|�lu��pR���kt}{8pHpR���LpRls¡kt}ÅKhk��jm{qlu��t4rul(��lut4rsls�LpRrU{YpRls�kt4�[n��Hh�jR�H�

Zn

�¯t4�q�%h�{YpHp�{8lu�
nqpÆ|qt4�Ænq�RrujLt4t}�Ö|�t4rs�lU{8t}{8�H�R�Áj�pRlujmjml�{YpF�LpL{4Ã¯n��Hlursr�p��H�Hl�|8pRpR��p�pRluj�pHpL�Á�LpRls¡kt¥�
ÅKhk�kj�{8ls�R{Ypª�LpR|D{YpHpF�LpR��jmh��lu�H�

a0, . . . , an−1

|qlU{8t4�ÄÃkt}{�{Y� 1
n

∑n−1
i=0 ai = b

x
q rujR��H��|qluls|

b ∈ N
nqp

φ =
(

0 ... n−1
φ0 ... φn−1

)

∈ Sn

ÙÚjm|4x§¬XxåvHÛ¥x�8XpRrsh�{YpRpR��n��R�k�
a0, . . . , an−1

ÃLn��Rrurut
ai ≡n φi − i

jLpLlujmlursr�p
i ∈ {0, . . . , n − 1}

ÙÚg�pRhk|qt[�fxå�HÛ�nqpÙDw�Û
1

n

n−1
∑

i=0

ai = b
Ùág�pRhk|�t[�fxå��Û

.
ÙÎ�RÛ

±²¡m{q��Ù6w�Û�pR��{YpRp�pLlu¡kt}t4�£|qt4h��8pHpF�lursrut ���H�R��ls{8t}ru��lursrutRx
ÌQEáËZEdwx_y_yvm:>=)C4\<tu_BE q rsjR��H�

φ ∈ Sn
nqp

i ∈ {0, . . . , n − 1}
xHg�hf�fh��

i
���N~'o|�

l�����l[�Õt}�q�ªhf{YpHpL{qlu�H|�|8p
φ
�H��rshkjmh

φi − i ∈ Z
xä¿R�H|

φi − i < 0
Ã&��lulu�

i
�H�

�Õt}�q�ªhf{YpHpL{qlu�H�
φ

}m~m�Z��¤Z¤Z��l6iD���^�NkRx
ÌQEuàBEdwx_y_yvm:>=)C4\<tu_BE q rsjR��H�

φ ∈ Sn
nqp

i ∈ {0, . . . , n − 1}
x�È��Rrsru«Hls��t}{Y�LlU�

|��m��kt4�
φi − i

�Z���²�Dl�}mk'o¢�Z���H��rshkjmh
di = di(φ)

Ã���ls|q|q�

di =

{

φi − i,
n��H|

φi − i ≥ 0

n − |φi − i|,
n��R|

φi − i < 0
x

8XpR�Çn��Hls{qhk|�{qt4¡�{Y�F�L�Rjm|qlVnq�H� {q�f��lu|�{8pHp�ÃJt}{�{Y�
di ∈ {0, . . . , n − 1}

nqp t¥{q{Y�
di ≡n φi − i

xkgihkjmh
di

|�lulu|�pR��{YpHpªt}¡k�k�H|�|8p/ÙDw�ÛÜ¡kpRruh�{qhk�Ø�LpRlu¡�t4t4�
[φi − i]t4�kh�|�{Yp>nqpR�Vn��RhkjR�H|D{Yp

{0, . . . , n − 1}
x

ÌQEuÝBEd¼�C^t»t×eBE q rujR��H�
φ ∈ Sn

xk�(t4��hk|��LpRls¡kt4ls�kt4�
di(φ)

jRt4|�jml�pR�D�H�J�frsl�n��Rhf�
jR�H�

{0, . . . , n − 1}
�H��jR�HjL�H��pRls|qrshkjmhâÃ���t4��jlU{Y�H�L�

kφ
xfÈ��L���ªrshkjmhØ�H�Ø�¡�{Y�

|qhkh��qlijmhklu�£�¯t4�q�%h�{YpHp�{8lu�R�Ø�R�L¡kt4�k���|qjL�H¡�{8lst4��rshkjmhk���R�R�8��x
½�¾¿ÁÀ|Â�ÃQÄhÂ^Åc¿R�H|%�Õt}�q�ªh�{8pHpL{qlu�H|�|8p

φ
t}l��Hrst��¡�{Y�H�L���R�L¡kt4�k���|qjL�H¡�{YpHpfÃ²�kluls�

φ
�H�
lu�kt}�m{�{8ls�kt4��jmh��LpRhk|�nqp

di = 0
j�pRlujmlsrurut

i
Ãfn��L{8t4���L�Rls{qtª���L{qt4tLx q rsjR��H�
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�Õt}�q�ªhf{YpHpL{qlu�H�
φ
�L�R¡�t4�k���|qjL�H¡�{8lut}��ruhkjmhk���H�R�q�

k > 0
nqp%�HrsjR��R{c�R�L¡kt4�k���|D�

jR�H¡���pL{
i1, . . . , ik ∈ {0, . . . , n − 1}

x�È��R|q|q�
k < n

Ã�|qlsruru�����Hrurup�t}l�R�Hl�Hrurup��L���
¡kt4���m�|�jR�H¡�{Ypfxä¢/t}�qjmls{8�H�R�

{0, . . . , n − 1} = {i1, . . . , ik} ∪ {ik+1, . . . , in}
Ã

n��Hrurs�Hlu�V��luj��H�L��n��Hh�jR�H�
{ik+1, . . . , in}

pRrujmls�[t}lÕ�Hrst0�¯t4���ªh�{8pHpL{8ls�H�
φ
�L�R¡kt}�f�

���f|�jR�H¡�{8p�xÄç��m{0rshkjmh�n�t4�
di

jRt}|qjml�pR�D�H���frsln��HhkjL�H�
{0, . . . , n − 1}

�H�

1

n

n−1
∑

i=0

di =
1

n

(

k
∑

j=1

dij +

n
∑

i=k+1

dij

)

=
1

n

k
∑

j=1

(n − |φij − ij|) +
1

n

n
∑

j=k+1

(φij − ij)

=
1

n

(

kn +
k

∑

j=1

(φij − ij)
)

+
1

n

n
∑

j=k+1

(φij − ij)

= k +
1

n

n−1
∑

i=0

(φi − i) = k + 0 = k.

�

ÌQEUÌQEd¼�ey��A,C5E q rujR��H�
φ ∈ Sn

nqp
b ∈ N

xÄyflU{8t4|D~�pL�f�;jmh��lu�L{FÃmn��Rlu�kt}���RpLlu¡ktö�
ÅKhk�kj�{8ls���R�

φ
nqpV��pRrsru��n�t}�£rshkjmhk���H�R�8�

b
Ã��LpR|�{8pHpF�Rp�{��jm|qli�¡�{8t}t4��n��Hh�jR�H�

Nn��H�k��nqpfÃ�n��Hlu��t4���kls{qhkhk|��H�
n
nqpJpRrujmlu�Rlu�kt}�Ø|qhk����pJ�R�

b − kφ
x

½�¾¿ÁÀ|Â�ÃQÄhÂ^Åc¿R�Hj�pRls�kt4��t4¡k���R{�Ù6w�Û×nqp�Ùá�HÛX{8�R{qt4h�{�{YpF�LpVn��H�k�
a0, . . . , an−1

�H�
|qlU{8t4|D~�pL�âÃn��H�kj�p��LpRls¡kt}ÅKhk��jm{qlu���H�

φ
nqpØ��pRrurs��n�t4��ruhkjmhk���H�R�q�

b
xâÈ��RrurupRlu|�t4rsrut

n��H�k�Hrsrut����L{qt4t
ai ≡n di

ÃÜ{q|4x
ai − di ≡n 0

j�pRlsjmlururup
i ∈ {0, . . . , n − 1}

x
çX�Rls�/�Rrurut}�/rshkjmh 1

n
(ai − di)

�R��jR�RjR�H��pLlu|qrshkjmh�j�pRlsjlsrurup
i ∈ {0, . . . , n − 1}

x
80hk�R��pL{8pHpR���%�R«H|4Ã�t¥{q{8�����Llu�kt}�£rshkjmh�n�t4�£|qh�����pª�H�

1

n

n−1
∑

i=0

(ai − di) =
1

n

n−1
∑

i=0

ai −
1

n

n−1
∑

i=0

di =
1

n
nb −

1

n
nk(φ) = b − kφ.

q rujR��R{J���m{Øj��H�R��{8�Rt4�Öruh��h�{
ui ∈ N

|�t4rurupRlu|�l�p�Ã&t}{�{Y� ∑n−1
i=0 ui = b − kφ

x
È��Rrurs«Hlu��¡kpRruh�{�{8h�|qlU{8t}|�~�pR�

a0, . . . , an−1

|8pRpR��pHpR�[pR|�t}{q{8pR��pRrurup
ai = di+n·uij�pRlujmlursrut

i ∈ {0, . . . , n − 1}
x¯¿R�H���Hrurst

a0, . . . , an−1

�kls��lU{q{8�Rlu�����L{8t}t��m�m{

1

n

n−1
∑

i=0

ai =
1

n

n−1
∑

i=0

(nui + di) =
n−1
∑

i=0

ui + kφ = b − kφ + kφ = b

nqp
ai ≡ nui + di ≡ di.

�¸�´



ÌQEußBE�rsA):<tuC#v�@B@L:ME q rujL�f�R{
n = b = 3

nqp
φ = ( 0 1 2

1 2 0 )
x��&t}�q�ªhf{YpHpL{qlu�Hrsr�p

φ�H�Ö�jm|ql��L�R¡kt}�k���f|�jR�H¡�{8p�Ã
i = 2

xc�&t}�qhk|D�LpRlu¡kt}t}{����LpL{
d0 = 1

Ã
d1 = 1

nqp
d2 = 1

ÃHn��R{8t}�
kφ = 1

nqp
b − kφ = 2

xÄ¿R�H�k�Hjm|�l
u0u1u2

jRt4rs��pHp�t}|qls��t}�qjmlujm|ql
n��H�k�

101
x²È��R|D{Y��|8pHpR�kpHpR�

a0 = d0 + 3u0 = 4
Ã
a1 = d1 + 3u1 = 4

nqp
a2 = d2 + 3u2 = 1

Ãkt4rslâjmh��lu�
441

x
ÌQE¢¨BEd¼�ey��A,C5E%¿R�HhkjL�H�

N
n��H�k��nqp�Ã4n��Hls�kt4���kls{qhkhk|×�H�

n
nqp%pRrsjmlu�Hls�kt4��|qhk����p

b − k
Ã��H� (

b−k+n−1
n−1

) j��rÎx
½�¾¿ÁÀ|Â�ÃQÄhÂ^Åcyf�>�Rt4rurst}{8pHpR�;`6��pLruru�L{cnqp�ru�RjRt4���R{�b9�;�¯t4��l�pHp�{8t}{�{Yp�x Ï ¦0pLjRt4���kt}{8pHpR�
t4�k|�lu�

n
�;�kpRlujmj�pRlu��t4��ru�HjLt4��lujmjR�0r�pRlU{q{YpL��pRrsr�p

n−1
�R�Lrulu|�t4ls���H�(n��H�k��H�âx�ç0�Rlu��t4�

�L�Rrulslu��pR|qt¥{8t4rsr�pHpL�Ø��lst4rsls�LpRrs{8pRlu|�t4|D{8l
b− k

��pRrsru��p9|qlU{8t4�ÄÃ�t}{�{Y�%�¡k�kt}|q|q�J�L�Rrslu|q|q�
�H�Hlæ�Hrsr�p �%�R«H|×�k�HrurupX{YpRl

b−k
��pRrurs��p�xH¿R�Hj�pRlu�kt}��rs�HjRt}�q���H�Hls��pHpR�����m{Ü{qhkrujmls{8p

n��HhkjL�H�
N
pLrujmlu�Hjm|�lÎÃHn��Hj�p�lsru���Hls{�{YpHpJru�RjRt4���H|q|qp£�Rrut}�lst4�Æ��pRrsru��n�t}�Æruhkjmhk���H���

�8�R�ÄxÕgi�HjLt4���Hls{8p��H�
n
j�pR����pRrut¥{q{8p nqpJ�kluls|q|q���Hrst}�lut}����pLruru��n�t4���¡m{qt4t}�kr�pR|�jRt¥{��

{8h�ruhkjmhk���H�R�q���R�
b − k

Ã�n��R{qt4��{Y�Rrsr�pRls|qt}{�rs�HjRt}�q��pL|qt}{qt4rs��pL{��LpR|D{YpHpF�LpL{��jm|ql
�¡m{qt4t}��¡�pRrsh�pR��l�pR����t²n��H�k��nqp4G�t4|qls��t}�qjmlujm|�l&pL|qt}{qt4rs��pV��f�ªâ �ªâãâ ��ªâãâ	â �V�LpR|�{8pHp
n��H�k��p

3, 1, 0, 2, 0, 0, 1
xD¦�lulU{q{Y�R�9|�lulu|Ür�pR|�jRt4p%t4��lur�pLlu|�{qt4��pR|qt¥{8t4rs��lst4��ruhkjmhk���H���

�8��x
©�hk�

n− 1
�R�Lrulu|�t4ls���H�Ünqp

b−k
��pLruru�Hp�pR|qt¥{8t}{8pHpR�Ø�¯t4�q�Rjmj��Rlu�âÃm�H� `6��pLlujmjR��nqp�b

ÙÚ��pLruru��nqp(nqp��L�Rrslu|qt}lu�klu��Û¯�¡�{8t}t4�k|q�
b−k+n−1

j��rÎx�çX�Llu|�{8���kpRlujL�Hlu|D{Yp��H�Hls��pHpR�
n − 1

�L�Rruls|qt4ls���H�[�LpRrsls{8p (

b−k+n−1
n−1

) {YpF�LpRrurup�xfg(pLhk|qt9�H��{8��klu|D{8t¥{q{8hÄx
�

©�h��lu�Hls�kt4�VrupR|qjLt4��lu|qt}�Vj�pR�k��pRrU{Yp t}���R|qt}rs�L�R��� �R�J�lst4r��0jm�|D�f�[�f|}ã>n��R|
k ∈ N�H�ªpL�k�kt}{�{8hâÃ��klslu�9���H��t4|q|qpRjR�X�Õt}�q�ªh�{8pHpL{qlu�H|�|8p

φ ∈ Sn

�R�L¡kt4�k���|qjL�H¡�{8lst4�Jruhf�
jmhk���R�R�8���H�

k
Ì�8X�R�����L|�{;�m{q{8�>�L�H�£j��frsr���Ãâ{8�R���£rshkjmhÀ�H��|qpR��p£jmhkls�*±²hf�

rut}�qlu��rshkjmh
〈 n

k 〉
ÙÚjm|}x(rslulU{8tª° Û¥x�È&��kls|�{8h�|�{YpØ�LpR�D{8t4�
{YpR�D�ls{8|�t4����t%|qt4h��8pHpF�LpHp

���R�R�qlU{8t4rs���R��ã
ÌQE|©ªEdwx_y_yvm:>=)C4\<tu_BE �&t4���ªh�{8pHpL{8ls�H�

φ ∈ Sn
i'k'¤��m¤Zo|¤���¤äl���im�¡oN�6l�o|����l �R�
|�t

ÙK�jm|qlsjL�L|qls{�{8t}lu�kt}�æÛÕ|��jmrulst4|�ls{;�|4Ã�n��H|�|8p�|��jmrulst4��|�hkhk�qls����pL{âpRrujmlu�L{â�>�LpL{�|��jmrut}lu|D�
|8� t}�k|qls�����Rlu|�lu���änqp |��jmrulU{ä�>�LpL{c|qhkh��qlu���klst4�VpRrsjmlu�Hls�kt4�[�ªhkj�pHpR�Vj�pR|D�RpF�LpR|�|8p
nq�R�Kn�t}|�{;�jm|qt}|q|8�fx&±²|�lu��t4�qjmlsj|�lä�¯t4�q�%h�{YpHp�{8lu�

φ = ( 0 1 2 3 4 5
4 5 1 3 0 2 ) = 451302

|8pRp
j�pR�k�H�kls|qt}|q|8pJ|��jmrulst4|�ls{;�jm|qt4|�|8���%hk�f���H�

φ = (3)(40)(521)
x

ÌQE¢-BEdº;�Q?2t»:<?QE�©�hk���¯t4���ªh�{YpRpL{8ls��t4|�ls{8t¥{Y�H�L�ÐjLpL�k�H�kls|qt4�kpÁ|D�jrslut}|qls{;�jm|qtö�
����Ã²�>�LpL{�|qhkrsh�{�{8hk��¡�pL{FÃ²|�lursr���|qt}hk�8pRp>�Lp�|��jmrul�pRrsjLpRp
pLlu��pÆjR�R¡k��pR|D{Yp�ÃÄn��H|�|8p
�H�£jLpLlujmjml�pVt4�kt}rurslu|qlu�VpRrujmls�Hls{8pª|qhkhk��t4���kl(pRrujmls�kxæ¿R�H|�t4|�lu��t4��jlsjm|ql��Õt}�q�ªhf{YpHp��
{8ls�H�%j�pR�k�R�klu�kt}�V|��jmrulst4|qlU{;�|älurs��pR�9|qh�rujmh�nqpX�Hrslu|�l

36201754
Ã��Hruls|qlm|qt�|�hkrujmh�n�t}�

j�pR�k|q|qp
(3)(6201)(754)

x
Ï ùfíDîÎì�ðÔë�ê}üÔê �¥ð õ��>ð òáï4îÎíDíDôáðåë0ì�õöôáíDì�õöôáðåðÔïYõöë ïFø�î�òáòáðåü ô�õ0ú	�²õöîÎð#å(òÚôÎõöü õæ¬²ç ç � ÿ !
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ÌQEuÓBEd¼�C^t»t×eBE q rujR��H�
φ ∈ Sn

nqp��HrujL�f�R�
φ̂ ∈ Sn

|�t�¡�lut4��pR��t4��lujL�Hlu�kt}�
�Õt}�q�ªhf{YpHpL{qlu�kÃ8n��Hj�pX|qpHpR��pHpL���¯t4���ªh�{8pHpL{8ls�H�

φ
j�pR���H�klu|�t4|D{Yp |��jmrulst4|�ls{;�jm|qt4|D{Y�

�Õ�Rlu|�{8pR��pRrurup9|�hkruh�{4x Ñ È��Rrurs«Hlu��jhf�RpLhk|
φ 7→ φ̂

�H��³klon�t}j�{8lu��x
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å²©�h��LpRhk|c�H�J|�hk�Kn�t}jm{qlu��¡mhk�H��lu�R�V�kx7Ü ����nqpRrurup�xL©�hf�RpLhk|c�H�Vlu��n�t}jH�
{8ls�kÃ�jL�H|qj�p�j�pR���H�klu��t4��|��jmrulst4|qlU{;�|��R���jm|qlsj��R|qlU{q{8t}lu�kt}�âx

�

ÌQEáËmèLEd¼�eZ�hA,C5E q rsjR��H�
k ∈ N

x�È��Rrurs«Hlu�Æ�¯t4���ªh�{YpRpL{8ls�Hls{8p
φ ∈ Sn

Ã�n��Hlu�kt}�
�L�R¡kt4���m�|�jR�H¡�{8lst4��rshkjmhk���H�R�8�ª�R�

k
Ã��H�

〈 n
k 〉
jm�kráx

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q rujL�f�L{
φ
nqp

φ̂
jmh�{8t}�Øgit4����pL|q|8p��kxÔ��x q rujL�f�R�

i ∈ {0, . . . , n−

1}
�¯t4�q�%h�{YpHp�{8lu�R�

φ̂
r�pL|qjmhkjR�R¡m{8p�ÃR{q|4x

φ̂i+1 < φ̂i

x��&t}�q�ªhf{YpHpL{qlu�H�
φ̂
jR�H��|�{8��hkjH�

{8ls�%{YpRj�pHpfÃft¥{q{Y�JpRrsjmlu�R{
φ̂i

nqp
φ̂i+1

jmhkhkrsh��LpL{��¯t4�8�Ljj��Rls|qls���ªpRrsjls�Hlu�kp9|qpR��pRpR�
|��jmrulslu���¯t4�q�%h�{YpHp�{8lu�R|q|8p

φ
xæyfluls|q���
φ̂i+1 = φ(φ̂i) < φ̂i,n��R{8t}�

φ̂i
�H���Õt}�q�ªhf{YpHpL{qlu�H�

φ
�L�R¡�t4�k���|qjL�H¡�{Yp�x

q rujR��H�����m{0j��H�L�m{8�Rt4�
j ∈ {0, . . . , n − 1}

�¯t4���ªh�{8pHpL{8ls�H�
φ
�L�R¡kt}�k���f|�jR�H¡�

{Yp�Ãk{q|4x
φj < j

xæçX�Llu�£�Hrurst4�£pRrujmls�R{
j
nqp

φj

jh�hkruh��LpL{��¯t4�q�RjmjL�Llu|qls���JpRrujmls�Hlu��p
|8pR��pHpR�V|D�jrsluls�ª�Õt}�q�ªhf{YpHpL{qlu�H�

φ
j�pR�k�H�kls|qt}|q|8p�|��jmrulst4|�ls{;�jm|qt4|�|8��nqp��ªhk��k�H|D�

{YpF�LpL{×r�pR|�jmhkjR�H¡���pR���¯t4���ªh�{8pHpL{8ls�H|q|qp
φ̂
x¯ÙK¦Xrujmls�

φ̂−1
j

�R��j��|qt}lu�kt}�Ør�pR|�jmhkjR�H¡�
{Yp�xåÛ
q rur�pRpR��|qpHpL{8hÄÃ�t}{�{Y�*�Õt}�q�ªhf{YpHpL{qlu�H|�|8p

φ
�R���L�R¡�t4�k���|qjL�H¡�{8l�pÁ�¡m{8�*��pRron��R�

jmhklu� �Õt}�q�ªhf{YpHpL{qlu�H|�|8p
φ̂
�H��rupR|qjmhkjL�H¡�{8l�pfxc©0�H|�jLp�±²hkrut}�qlu� ruh�jh lurs���Rls{q{8pHp

r�pR|�jmhkjR�H¡�{qlut4��ruhkjmhk���H�R�q�R�Jnqp�jR�H|�jLpØjmh��LpRh�|
φ 7→ φ̂

�H��³klon�t}jm{qlu�kÃæ�H�/�R�Lls{8t
{8��klu|D{8t¥{q{8hÄx

�

ÌQEáËæËZE�[]Íª=�C#C^èª±2C#=)?hEéc ¡�{Y�ª�LpRlu¡kt¥ÅKhk�kj�{8ls�R{Yp
φ ∈ Sn

jR�H¡�{8l�|qpHpR��pHpL�
(

b−kφ+n−1
n−1

)

jmh��lu�R{8p�xH¦X���kt}{qhkrurst
kφ ∈ N

|qpHpR��pHpL�
〈

n
kφ 〉

�¯t4���ªh�{YpRpL{8ls�Hls{8p
φ ∈ Sn

xHÈ��L{qt4�
�¡m{8��rshkjmh�p

k ∈ N
jR�H¡�{ql(|qpHpR��pRpR�

(

b−k+n−1
n−1

)

〈 n
k 〉j�pR�k��pRrst}{�{Ypªjmh��lu�HlU{Yp�xy8XpRrsh�{q{qh�jhf�fls�Hlu��t4�£ruhkjmhk���H�R�q�ª�H�����Rlu���Hrsrut}�

ÙDw�Û n−1
∑

k=0

〈 n
k 〉

(

b−k+n−1
n−1

)

.

yf�>�Ht}rs{YpL��pRrsr�pÜ{8�R¡��R�sI��H�q��ls{�ê}j��f�9j�pHpF�LpHp9Ùá°%x.Ü�Ûâ|8pHpL��pHpR�9���{�{qhkru�H|}Ã�n��Hj�p��H�
�j|�lu�kjLt4�D{YpRls|qhkhk��t4|q|qpHpR�Á�rur���{q{Y�F�L��x�È(�f�kls|�{qhkjm|qt4|�|8pÆ{YpR�D�ls{YpRpR�À�%�R«H|Vt4�q�R|�{8�
³klu���H��lsjRt}��{8�Rlu��lut4�[|qhk����pR�H��lu��pRls|qhkhf{q{YpfÃYn��Hj�p {8��kls|�{8t¥{YpHpL��rst4����pL��p�pRrurup�x

Ñ6é}ê}òÄí�òáðåì�í�îáïFðåï>òÚð
φ = 451302

�4ë�ðÔðåë
φ̂ = 340521

!
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ÌQEáËàBEd¼�C^t»tue�E q rsjR��R{
n, k ∈ Z+

Ã
k ≥ 2

x�È��Rrurs«Hlu�
n−1
∑

i=0

(

i
k−1

)

=
n−1
∑

i=k−1

(

i
k−1

)

= ( n
k ) .

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å�c ¡m{8�R|qh�hk�qhkh�|
n−1
∑

i=0

(

i
k−1

)

=
n−1
∑

i=k−1

(

i
k−1

)

|qt}hk�8pHpJ|qlsls{8��Ã�t¥{q{Y�
( i

k ) = 0
Ãkjmhk�

i < k
x�È(�f�kls|�{qt}{YpRpR���f¡�{8�R|qhkh��qhkhk|

n−1
∑

i=0

(

i
k−1

)

= ( n
k )

lu�k��hkj�{8lu�Rrur�p
n
ã �/|�hk¡�{8t}t4�âxÄ¿R�H|

n = 1
Ã��kluls���L�RlU{8t �k�L{8t}tRã

( 0
k−1 ) = 0 = ( 1

k ) ,
|8pR��pR|D{Yp�|��m�|�{8�/jmhklu��t}�kt4rsr���x�¿R�R|��Hrut¥{8t}{8pHpR�âÃÄt}{q{8�Ø�R�Lls{8tV�k�L{8t}t n��Rrurut}jmlu�

n
Ã

�kluls�
n

∑

i=0

(

i
k−1

)

=
n−1
∑

i=0

(

i
k−1

)

+ ( n
k−1 ) = ( n

k ) + ( n
k−1 ) = ( n+1

k ) ,

��ls|q|q��{q�Hlu|�t4jm|ql²�luls��t}lu�kt}���¡�{Y�Lru«£|qt4h��8pHp£lu�k�kh�jm{qlu�L���Hrut¥{8hkjm|�t4|�{8pªnqp��luls��t}lU�
�kt4���H�Ø{qhk�k�kt¥{q{qh£³�lu�k�H��lujLt4�D{8�Hls��lst4�J|qhk����pRj�pHpF�RpfÃ>n��Hj�p%�R�£¡�t4ru���Õ�%{q�f��lu|D�
{YpHpV|�hk�H�8pRpR�����H�L�qls{qt4rs���R|D{Y�

( n
k ) = n!

k!(n−k)!

x
�

ÌQEáËÝBEd¼�eZ�hA,C5E q rsjR��H�
b ∈ Z+

nqp
n ∈ N

x�È��Rrurs«Hlu�
n
�;�klU{8hkls|ql�p£n��R�k��nqp

a0, . . . , an−1

ÃYn��R{8j�pXt}|qlU{q{Y�F�L�L{é��¤Zo|¤Z�N~D~'¤
(b−1)

ãÔ����pRrsru�H�9|qlU{8t}|�~�pR�f�;jmh��ls�Hls{8p�Ã
�H�

bn j��rÎx
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vH�LÂ�w �H���HÂH��w vHvJ�HvRÂ�� �H�R�H�
vR�RÂHÂ �R�H��Â vHvHvfw �H�L�m�

���HÂfwHwVw ��vR�HÂ vR�R�kw �J�H���fw��
���HÂH�RÂØw vR�L�kw �H��vH� ���HvH�fw��
���RÂRÂ�wJwHw vL�R��Â �R�mvfw �H�J���H�RÂJ�
��vLÂ��RÂ vRvfwHw �H���H� �H�H�H��w
�mvLÂHÂ�w vRvH�RÂ �H�H��w �H���Hvfw
vfwRw>�HÂ �H�H�H� �R�H�H� ���HvR��w
vfw4��ÂHÂ �H�R��w �R�R�m� ���H�H�R�
vH�LÂH�HÂ �R��w�� �L�m�R� ���H�L�kw
vHvLÂHÂHÂ �R�H�HÂ �L�H�kw �L���H���
��wRwHwHw �L�kwHw �HvH�H� �L�m�HvH�
��wRw��RÂ �L�m�RÂ �HvR��w �HvR�H��w
��w>�RÂ�w ���H�HÂ��J� vJvHvR�HÂJ� �HvH�H�L�
��wF�HÂHÂ ���w��H�J� vJvH�fw>�J� �HvH�Hvfw
���LÂ�wHw ���w>��w[� vJvH�L��ÂJ� �H�R�H���
���LÂ��RÂ ���L�HÂ��J� vV�R���HÂJ� �H�L����w
�H�RÂHÂ�w ������Â�w[� vV���R�HÂJ� �H�H�H�H�
�R�HÂHÂHÂ v�vH�LÂHÂJ�H� vHvJvH�RÂR��� �H�H�R��w

ÙånqpL{8jmhkhæÛ
Î�O



b = 2
ã

b = 3
ã

b = 4
ã

b = 5
ã

��vRÂ�vLÂHÂØw �R���RÂ�vfwJw vHvJ�fw>���V� �J�H�H���RÂª�
���RÂ�wRwHwVw �R���LÂ��R��w vHvJ�H�RÂ��V� �J���HvH�RÂª�
���RÂ�w>�RÂØw �R���LÂR�kwJw vHvHvJ�RÂH�H��w ���HvR���RÂª�
���RÂ��LÂ�wVw �mvRvRÂ�w vRvHvHvRÂ ���H�H�H�H�%�
���RÂH�RÂHÂØw ���fw>��w vRvR�R��Â ���H�L�m�RÂª�

���L��Â�w vL�R�mvRÂ
vH���H��Â vL�H��w��
vH�RvR�HÂ vL�H�H�HÂ
vR�HvRÂ�� vR�H�L�m�
vHvwF��Â vR�L�H��Â
vHvRvRÂHÂ vR�Hvfw��
vR�fwHw�� vR�HvR�HÂ
vR�fw>�HÂ �R��vHvfw
vR�H�RÂ�� �R�H�R�kw
vR�L��ÂHÂ �L�mvHvRÂ
���R�L�kw �L����w>�
���L�R��Â �L���R��Â
���RvfwHw �R���Hvfw
���RvH�RÂ �R�H��vRÂ
�H�fwF�kw �R�H��wHw
�H�HvRÂ�w �R�H���RÂ
�R��wF��Â �H�H�H�R�
�R��vRÂHÂ �H�H�L�kw
�H�fwHwHw �H�R��w>�
�H�fw��RÂ �H�R�R��Â
�H�H�RÂ�w �H�HvfwHw
�H�R�HÂHÂ �H�HvH�RÂ
�H�R�H�H� �L�H��vH�
�H�R�R��w �L�R�mvfw
�H�L��w�� �L�H���H�
�H�L�H�HÂ �L�H�H��w
�H���kwHw ���m�HvH�
�H���m�RÂ ���H�mvRÂ
�R�fw��H� ������w��
�R�fw>��w �����H�HÂ
�R�R�HÂ�� �RvH�Hvfw
�R�L��Â�w �RvR��vRÂ
�L��wHw�� �RvR��wHw
�L��w>�HÂ �RvR���RÂ
�L���RÂ�� �R�H�H�H�

ÙånqpL{8jmhkhæÛ

Î6p



b = 2
ã

b = 3
ã

b = 4
ã

b = 5
ã

�L�H�HÂHÂ �H�H�R��w
�HvfwRwHw �H�R��w��
�Hvfw>�RÂ �H�R�H�HÂ
�HvH�LÂ�w �H�L�kwHw
�HvR�RÂHÂ �H�L�m�RÂ

�J�m�RÂH�H�V� vJvHvH�RÂH�V�
�J�m�RÂR��w9� vJvR���RÂ��ª�
��vHvRÂHvRÂJ� vV�R�m�RÂH�V�
��vH�RÂfw��V� vV�H��w>��w��
��vH�RÂR�HÂJ� vV�H���RÂ�w��
����w>�HvRÂJ� vJ�H�L����w��
����w>�fwHw9� vJ�H�H�H�H�ª�
����w>�H�RÂJ� vJ�H�H�R��w��
���R��ÂHvRÂJ� vJ�L�m�RÂ��ª�
�����RÂfwHw9� vJ�Hvfw>��w��
�����RÂH�RÂJ� vJ�HvH�RÂ�w��
vJ��w��RÂfw9�H� vHvJvH�RÂH�H���
�H���RÂH�HvfwJw vHvV���RÂH�fw%�
�H���RÂR��vRÂ�w vR�J���RÂ��RÂJ�L�
�H���RÂR��wHwJw vHvHvJ�RÂH�H�fwVw
�H���RÂR���RÂ�w vHvHvJ�RÂ��H����w
�mvJ�RÂ��LÂ�wVw�� vHvHvJ�RÂ��HvwVw

Î��
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È��R¡��R� pR|D{8l�{YpR��j�pR|�{qt4ruh�� pLrur�p��>�LpL{£�Hrsrut4t¥{��j|�lu�k�R��pHpL��|�ls{qt4|�~�pR�f��jmh��lu�R{4Ã
n��Hlu|�|8pV�H��j�pRjm|ql��Hrst4�k��pLlu|�{8pª�8p�n��Rls{8h�|�{Yp�Ù6wHxåv0nqp�wHxÔ��Ûöã

wRx§jmhkrurupRjmlu�Ø{8pR¡k�klsrur�p9�H��t4��lu��{Y�H�L���¡k��t4�£��pRrurs�H��¡kt}ls{q{8�R��lu�kt}�Ø|8pRrsrulU{��
{8hkp

�x§jmhkrurupRjmlu�Ø{8pR¡k�klsrur�p[¡kt4lU{q{Y�R�%{Y�R|����Rrsrut}t4�Ø�jm|ql�j��R|qláx
çX�Rls|�{8��nq�Rrsjmlu�����Rls�kt4�Ð�R� t4��|qlu�����Rlu|�t4��jL�F�m{Y�L�k�k«Hrsrulu��t4��|qt4h��8pRhk|}ÃXjmh�{qt4�
��pLlu�klU{q{8lslu��jR�H¡���pR|q|qp9wRxå��x�µ5��¤�¥6�^���Y�;jmh��ls�R{i|8pRpR��pHpR�[pRlsjLpRpR� |qlU{8t}�âÃ>t}{�{Y���Õ�Rlu|D�
{8t¥{YpHpR���qp�n��Hls{qhk|��ªjR�HjL�H��pHpL�JnqpV�ªhkh�{qt}{8pHpR���8p�n��Rls{8h�|�w9�%hk�R{8��H�

¨BEáËZE���e#�,?2:|=���AjØ�t���\|=�:>�Á\>CDý�þ�@B:<C^\|=�?BÚ�E�©�hkrurupRjmlu�X{8pR¡k�klsrurup×�H��|qpRrursls{q{qh�pÜt}�klu��
{Y�H�L���¡k��t4���kpRrurs�H��¡kt4lU{q{8�R��ls�kt4�]im�#l��Nkmimo|¤;i'~Dn^�6l��Ï~Rx
¿R�H|%�Rrut}{8pR����tLÃit}{q{8��j��R|qlu���H��j�pRjm|�l�j�pR�k��pLrut}{�{Yp�Ã��klslu��{Y�Rrsru«Hls��jR��H�q�kls��pHp��
{8ls|�{8��H���klslu�q��t}{;�lu|�|8��|���k Y¡k���L�;jmh��ls�Hlu|�|8p/�R��pRlst4����pR���¡k��t4����ls�lu��|ql nqpR|�{8p
j�pRjm|qli�qlU�l���Ãfjh�����pRrurst4jmlu��jL�L�kt4rsrut �H��pR�k|qp�x

¨BEuàBE�rsA):<tuC#v�@B@L:MEXÈ&pR�qj�pR|D{8t4rsr�pHpL����t4ronq�L����pLruru�R���¯t4��hk|q|�ls{qt4|�~�pR�f��jmh��lu�R{8p%�
|���k Y¡k���L�;jL�H��{8t}j|D{8ls|q|8pfx

O

V

©�h��Lp�wHx�ç�t4r nq�R����pRrurs�H���¯t4�qh�|q|qlU{8t}|�~�pR���Jt4rslâ|���k Y¡��q�L��jhf�fls�
( 4 0

0 4 )
x

ç0t}ronq�R����pRrsru�H���Õt}�qhk|�jhf�fls�R{YpV�H�Rli¡kt4lU{8t4rsr��ª�%�R«H|�{YpR|qpL{YpL¡m{qluls�âã
Î�



V

O

©�h��Lp��fxkç0t4r nq�R����pRrsru�H�Ø�¯t4��hk|q|D��k Y¡k�q���;jmh��lu�
( 4 0

4 0 )ÙK{8pRl
( 2

2 )
Ãkjm|}xª8�hk�H��pRh�{qhk|���x �mÛ¥x

¨BEuÝBEdwx_y_yvm:>=)C4\<tu_BEùÿé�Ni'~'�<o|¤���¤ µ5�m¤�¥6�^���m�Nim�4}�oN� �H� ³klon�t}jm{qlu� n��HhkjL�Hrs{8p
Z × {1, . . . , H}

ls{8|�t4rsrut4t}�âxÕ¿R�H|
(t0, h0) 7→ (t1, h1)

Ãæ�klslu��ÅKhk�kj�{8ls�H�/{qhkrut}t
{8�R{qt4h�{�{YpHpVrslu|8�Lt4¡�{8�

t1 ≥ t0
x�±²�kt4rsrut4t}�/���H�R��ls{qt4ruru�H�R�

f
ã � ���N~'o¢l��m��l Ç �^¤Him��oN�

d : Z × {1, . . . , H} → N × {1, . . . , H}
r�pRh�|qt4jmjLt4t4rsr�p

d(t0, h0) = (t1 − t0, h1).

´�hk�kj�{8ls�H�
{qhkrujmls�m{8p£�R�À|8pL��p�jmhklu��|qls{qt4|D~�pR��;jmh��lu�H�
{YpR�kpRhkjm|qt}|q|8pfx²¢��H�L�qlU�
{8t}ru���ª��pRr�pLh�{8hkh�|�ls{8t}|�~�pR�f��jhf�fls�H�£���H�L�qls{qt4rs���H�L�âÃmjh��

H = 1
x

ç0t}ronq�R����pRrsru�H���Õt}�qhk|�|���k Y¡k���L�;jmh��lu�Rrurut�t¥{Y�Rls|��m�|�ÅKhk�kj�{qlu���H�

d(t, 1) =

{

(4, 1), t
��pR�qlsrurslu�kt}�

(0, 1), t
��pL�qls{q�H�

d(t, 2) =

{

(4, 2), t
��pR�qlsrurslu�kt}�

(0, 2), t
��pR�qlU{8�H�

;

{Y�R|D{Y�V|qt}hk�8pRp�rshk�H�k�k�Rruruls|qt}|�{8l¯��t4�qjmls�m{8�
( 4 0

4 0 )
x

±²�m{8��ÃFn��H|Ü¡�t4ls{qt}{8�H�R���kpRrurs�9j��R��t4|�{8�9{q�Hlu|�t4t4�ZÌ�©��Hru��t4����pRrsru�H�Jj�pR|�jLpL�klÕ�k�>�m{D�
{Y�H�V|D�f�� Y¡k�q�L��jR�H��{qt4jm|�{qlu|q|qp�{Y�Lrs{Y�fã

O

V ©�h��Lp���xæyflU{8t4|D~�pL�f�;jmh��lu���Vt4rslâ|���k Y¡k���L�;jmh��ls� (

32 0
0 31

)

ÙápLr�pRls�k�kt4jm|�ls{��lulU{q{8pHpF�Rp�{�j��L{8t}t4�âÃRn��H¡��H����pRrurs�ª¡kt}ls{8t¥{Y�H�L�æÛ¥x
©�pR¡k�kt}��j��R�kt}�Ö{YpL��pRhkjm|qt}|q|qp�pRr�pLlu�k�kt}jm|qlu�k��j��F�m{8t¥{Y�H�R� �mhk��t4�q�Rlu�kt}��|ql nqpR|D�
{Yp�pLlu�k��pL|�{YpRpR�À|D�f�%³Õ�Hrsl�p

x
|qt4�*��t4��jmlujm|qláÃ&t¥{q{Y�/¡kt4lU{q{8�/¡kt4lU{8t¥{Y�H�R�ÀjL�L�kt4|D{Y�

{8�Hls|qt}t4�âxæç0�Rlu��jL�Hru��t4����pRrsru�H��j�pR|�j�pR�kli|8pRpJ�%hk�f���H�
( 3x 0

0 3x )
x

*�´



¿R�H|Vjmh��lu���H�Hls��pHpR�*t}|qlU{q{Y�R��|�ls{qt4|�~�pR�f���ªhk��k�H|�|8p�Ãät}l�|qlU{Y���rut}t4�k|q�
�Hrst[nq�R�D�
jRt¥�R�R�ªt4|qlU{q{8�H�%���H�klu�%h�{8j�pRls|qt4����pR|q|qp9|D�f�� Y¡k�q�L���ªhk��k�H|�|8p�x<ÏTP�|qt}ls{Yp[jhf�fls�HlU�
{YpÆÙK�k|4xk'o|�M�M� k%|D��k Y¡k�q���;jmh��lu�HlU{Yp�Û�t4l(jmhkls{qt4�kj�pHpR���R�Hl(t4|qlU{q{8�H���ªhkh�|q|8pØjmhkls�
|���k Y¡k���L�;�%hk�f���H|q|qp�xRÈ��Rrsr�pRls|qlup����LpL{§t4|�lu��t4�qjmlsj|�lft}�kt4rsr��R��pRls�kls{�{8h��kt}ronq�R�[��pRrU�
ru�H�

( 4 0
4 0 )

|�t4j��JjR�Hrs��t}�£�kpRrurs�H��Þ���i�l�oÇã

©�hf�RpV�kxæ¨Ü�Hjm|qlit4rslâjmh��lu�
( 4 0 2x 0

2x 0 4 0 )
x

¨BEUÌQEdº;�Q?2tueZ�L=���A�E9¿R�H|i¡kt4lU{q{q�HjR�H��jRt}hkjm|qlu|�|8p�r��R¡k��t}{Y�R�R� rulslujmjRt}t4rsrut§|�ls{qt4|�~�pR�f�
jmh��lu�Hls|�{Yp�jmh�{qt4�9t4�kt}ruru���H��jR�HjL��p�nqpR��{8t}¡m{;�RÃ>�kluls��pRlU{8��n�t}��|���k Y¡k���L�;jmh��lu�Rlu�kt}�
��p�{8�qlslu|�t4lu|�|8p n��Hj�p�{8�Hls�kt4�Æ|qpR�8pRjLtJ|qlu|q�Rrs{8�H���¯t4rsjjmlu���k�Hrsrul�pfÃ¯t}luj��Ø��pR��ls{�{8�H��l�p
¡kt4lU{q{q�H�mhk��t}�q�HlU{Yp�rupRlu�kj�pHpL�Ðt4|qlslu�k���Rx0©��H����pRj�{8ls���kl0�ªhk�R{q�Át4|qlU{q{8�H�ÖpLlu�k�R{
|���k Y¡k���L�;jmh��ls�R{9�H��nq�L{q{8�H���k�Hrsr�pR|qpR�8pLjjLt4t¥{��Õ�Hls|4xÕÈ��R|�{8��jmhklU{8t}�kjmlu��|qt}hk�8pHpfÃ
t}{�{8t4l�|qpHpL{8h£��pL{8��lulu|�lÕt}���H�Jt4|�ls{Y�J���H�R�qlU{8t}ru���R�Ø��xÔ�J�ªhkj�pRlu|D{Ypªjmh��lu�L{Yp�x¯¢�p��
{8t}��pHp�{q{8ls|qt}|�{8læjL�H�q��t4j�{8ls���klæ{YpL��p[�Hrslu|�l��k�HrurupR|8pL�8pRjmjRt}lu�kt}���¯�Hlu|Çnq�L{q{8�R��lu|qt}��rslU�
|8�Rjm|�lFnqpLjLpRp�¡kt4lU{q{8�R�h���t}�q�R{�j�pR¡k��t4rurup�Ã4�%h�{q{8p�{Y�Rrsru«Hls� ¡kt4lU{q{q�H�mhk��t}�q�Hls�kt4� {qhkrU�
jmlu��{Ypª�Hrslu|�l¯{8�>�|�lu��t4��lurupRlu�kt}�Ø|���k Y¡��q�L�ânqpª|�ls{8t}|�~�pR�f�c{8pR��pRhkjm|�lu|q|qp�x�µ×pRjmlslu��{8hf�
�mh�{�jL�F�m{Y�L�m{q«��R�/pLlu�k��pL|�{YpRpR���Õ�Hls|�{8pHpª�k�Hrsr�pR|qpR�8pRjmjLt4t}{4x
çX�Rls�ª³¯�Hjm|qlk|qpHp��ªhk��k�H�

( 4 2x
2x 4 )

Ãön��Hj�p rupR�k�H�k�kpR�ª¡kt}ru�¯�R{q{8pR��ls|qt}j|�l�jmlu�Çn��Hls{qt¥�
{YpHpL�Ø{YpF�LpRrurslu|qt}|�{qlÕ|qpR�8pRjmjLt4t}{�t}�q�R{qt4rs{qhklu�kpª�ªhk��k�H|q|qp

(4, 2x), (2x, 4)
xfç0t}ronq�R�

��pRrsru�H���¯t4��hk|q|D��k Y¡k�q���;jmh��lu���khk�Hrst4|�{8pHpR�*|qpHpÆ�ªhk��k�H�
( 4

4 )
Ã¯n��Hj�p�jmlu�Çn��Hls{qt¥�

{YpHpL���LpR|D{YpHpF�LpR|D{8l
(4, 4)

x
� o|¤��,kÜt4���X¡kt}ls{�{8�H�mhk��t4���Hlu�kt}�[{qhkrujmlu����pR|q|qp0|�ls{8t}|�~�pR�f�nqp0|���k Y¡��q�L��jhf�fls�Hlu��t4�
�L�Rrulsrur��×t4|�lulu��{;�m�����m{(�LpHpLjLpL|qhk�H�qpR�9¡kt4lU{8�H��{YpR�kpRhkjm|qt}|q|8pfxHyflU{8t}|�~�pR�f�;jmh��ls�Hlu�kt}�
�jjL«H�kt}�/�LpR|�{8pHpV|���k Y¡k���L�;jmh��ls�H|q|qp�¡kt}ls{q{q��p

2x
x(ÙÇµc��{4x�pR�kls��pHp�{q{8�R�qlursr�p ³¯�HjH�

|qlup
(4, 2x), (2x, 4)

|qlU{8t4|D~�pL�f�;jmh��lu��H�£�H�kwHx�¢£�H«H|�|qt}hk�8pRp>�LpL{0t4|�lu��t4��jlU{�|qt}rU�
�Ht}�m{8�R�kt¥�R��{ pR|�l�pR�Äx Û

Ï é4ñöîÎï¥í�ó8ñ}ñ�òÚí�ê}ë*óYõöðåë òÚðåüåüÔê}ðÔë#�ÜïFø�ë*ôáø�ôáïFð ô�õ¥õ¥ë òÚðåðåîÚô>�Fì�ðåñÆòáðÔôáí�ò�Kâõö÷�Ê7�Úõ�ò��4ëLý�þ�îáê�ÊïFø�óFðåê¥ð��>íDëXóYñöüåðÔüåüåñ !
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¨BEußBE�rsA):<tuC#v�@B@5C � _{eyè�:<tueyeH=,=�?5v�:<:<è A ¹��Z=�CD=)=�_D±H_y@LA):ME
(4, 4)

(4x, 4x)

(4x, 2x)

(4x, 2x), (4, 2x), (2x, 4x), (2x, 4)

(4, 0), (4, 4)

(4, 0), (4x, 4x)

(6x, 4x)

(6, 4), (4, 2), (4, 6), (2, 4)

(6x, 2x)Ùá©�pR|qpR���Rls��rulu|q�H�ªt4|�lu��t4��jjLt6nq�V{8t}�Hjm|qt4|�|8p�ÉUËHÍÎxåÛ
�&t}�q�ªh�{8pHpL{qlu�R{qt4|�{qlRnqp[jRt}|qjml�pL���H�Rr�pRhk|�t ���L{qt}�L�L{��%�H«H|Ü|���k Y¡k���L�;jmh��ls�HlursrutRÃ�t}|qlM�
{8t}rur��R�R���kt�{Y�R|�|8�V{8��klu|D{YpR��pL{�{Yp�x
¨BE¢¨BEd¼�ey��A,C Ø��TC#vmt��Q=�eHeH=�:>?5=)C4A�=�:�Ú�E q rujL�f�R�

A H
¤
n
�;��pL{8��lulu|�l�ÙÇ{8|4x

H
�qlM�

�l���nqp
n
|8pL�8pRjLt}{q{8p�Û¥ÃÕn��R�kj�pÆpRrujmlu�L{ªjmhkhkrsh��LpL{Xn��HhkjmjR��H�

N × {1, . . . , H}
x

¢/t4��jmls{Y�R�R�À�rut}lu|�{8��pRrsjls�R{Yp
(aij, hij)

Ã&��ls|q|8�
i = 1, . . . , n

Ã
j = 1, . . . , H

x
¿R�H|

A
t4|�ls{q{8�H�

n
�UnqpRjm|q�Hrsruls|�{YpfÃ

H
��j��L{8ls|�{Y�ª|D��k Y¡k�q���;jmh��lu�R{8p�Ã��klslu�

{([aij + i]n, hij)
â
i = 1, . . . , n} = Zn × {1, . . . , H}.

©��H�R��{Y�Rt}�âÃæn��R|ªt4¡�{8������{8t4tLÃä�klslu�
A
t4|qlU{q{8�H��jmh��lu�R{8p�Ãæn��H��jLpVnqpRjm|q�H�k��ls{8h�hk|

�H��ruh��hk�
n
{8t}jl nq��x

�

¨BE|©ªE�rsA):<tuC#v�@B@L:ME q |q�HlU{8t¥{YpHpR�ÄÃ4t}{�{Y��³¯�Hjm|ql
(4, 2x), (2x, 4)

t4|�ls{q{8�H��|���k Y¡��q�L�
jmh��lu�R{8p�x&¢/hkh�{qt}{YpRpR��t4��|qlu�À³Õ�Hjm|�lu�Àt}|qlU{;�f|%��pL{q�qlslu|qls�ªhk�R{q�f�R�âÃ�n��R|q|8p£�k�Hrsr�p��
|8pR�qpRjmjRt}t}{²nqpJj��R|�lU��lu�k�kt}jm|qls{����LpL{��ªh�jLpL��p�ã

A =

(

41 01 22 01

21 02 42 02

)

.
ÙDw�Û
Ùáç��HrurupL{9¡kt4lU{8t}{8�H�R�ÀpRlu��p£|8pR��pHpR�ÀjL��{8t4t}�âxåÛ[È��R|q|q�

n = 4
nqp

H = 2
xä©�hk�

¡kt4lU{q{q�H�mhk��t}�q�Hls¡klu�/ruls|8�L{8�H�R�/�LpRls¡kt�nqpØrupR|qjLt}{YpRpR�Æ����khkrs�
n
Ãâ|8pHpL��pHpR�Æ��pL{��

�qlslu|ql
A′ =

(

01 11 02 31

21 12 22 32

)

,

n��H�kj�pJpRrujmls�Hlu��p9�>�Rp�{�{Y�R|����Rrsrut}t4�9n��Hh�jR�H�
{0, 1, 2, 3}× {1, 2}

pRrsjmlu�R{,G�|qlslu|����
³Õ�Rj|�lit4|�ls{q{8�H�V|���k Y¡k���L�;jmh��ls�R{Yp�x
¨BE¢-BEdº;�Q?2t»:<?QE�±²|�lu��t4�qjmls|q|8����xå���HrU{YpRls|qlslu�����H�L|�{;��¡kt}ru�¯�H����pRrsr�p�ÃFn��H|��k�HrU�
r�pR|qpR�8pLjjLt4ls�kt4�£ruls|8�H�R��lu|�t4�Ø|�lonqpR|D{Ypª�HrU{YpRls|qlslu��nqpLt}{q{qh/�mhk��t4���R{�j�pR¡k�kt}rurup�ÙK���{4x
¡mhk�H��lu�J��x �mÛ�nqpª{YpR��j�pR|�{qt4rs{qh��f¡�{8�R�kls{8�F�R�R�J��pL{q�qluls|qlst4|qlU{;�|�{Y�

A =
(

21 12

11 22

) x
*�Ë



¨BEuÓBEd¼�ey��A,C�Ø�@5C^A,@L:>eyv�±ª?2\>eZ�hA,CyÚ�E q rujL�f�H�
A
|���k Y¡k���L�;jmh��lu�L{Yp�t4|qlU{q{8�>�L����pL{��

�qlslu|qláÃqn��H|q|qp��R�
H
�qls�lu�cnqp

n
|8pR�qpRjRt¥{q{8pHGH��t4�qjmlU{Y�H�R�ª�rst4lu|D{Y� pLrujmlu�R{8p

(aij, hij)
x

È��Rrurs«Hlu��jhf�fls�H�£��pRrurs��n�t4��rshkjmhk���H�R�8�ª�R�
1

n

n
∑

i=1

H
∑

j=1

aij,

t4rslâ¡kt4lU{q{q�Hruhkjmh�n�t}��|qhk����p�nqpLt}{q{qhk��pJ|8pR�qpRjmjRt}lu�kt}��ruh�jh����H�L�8�Rrsr���x
�g�pRhk|qtc{8�Rlu��lul�{Y�R|����Rrsrut}t4��|8pR��pRrsr�pÜ{8p>�R�Hlu�9jmhklu�9|qlU{8t}|�~�pR�f��{8pR��pRh�j|�t4|�|8pHGLjL�L|qlU�

lu�k��t4jm|qt}lu|�{8��t}l�{8pR���ls{q|qt��L�RrulU{q{Y�R��xc¢/lsjL�Lrul��k�Rrur�pL|8pR�qpRjmjRt4t¥{��R��nq�L{qt}{q{;�Á�¯�Hls|
jmh��lu�H�£t4|�ls{;�jm|qt4|D{Y��Ãæ�H�ªnqpRt¥{q{YpF�Lpª�lut4ru�ªj�pR¡k�kt}rur�pfx
rsA):<tuC#v�@B@L:MEÕ¨Ü�Hjm|qlu|�|8p

(4, 2x), (2x, 4)
�H�£jR�Rru��t���pRrurs��p�Ã|qlsrur��

1

2
·
1

2
(4 + 2 + 2 + 4) = 3.

y��k Y¡k���L�;jmh��lu�Rlu�kt}��ruhkjmhk���H�R�q�R|�{8�Ø{8lut}�kt}{8�H�R��¡m�m�lu���R�L¡��R�ÐÙKjm|4xsÉsËàiÃ(rshkjmh
�RÍ�Û¥x
y��k Y¡k���L�;jmh��lu�Rlu�kt}�9�qpR��pL{â|qt4j���{8lsr�pL{�nqp�|qlslu��{;����L{Ä{q�Hlu��ls�LpL{Õjmh�{8t}�[|�ls{qt4|�~�pR�f�
{YpR�kpRhkjm|qt}|q|8pfÃR�ªh�{�{Yp��m�m{ä�¡k��t4|q|q�X{8lsr�pR|�|8p��H�%�¡k�kt}�V�qls�ls�%pR|�t4��t4|D{Yp

H
�qls�lu�

nqpª{8lurupR|�{8p%|qlslu�����m{Y�H�L�Ø{8�Hls|qt4t}�
H
ãÔ��t4��li¡kt4lU{q{q�Hruh��hk�£pF�hkrurup�xy80pF�RpLlu�k�k�Rruruls|�{qt¥�

{YpHpL�£rs�H�khkjm|�li³Õ�Hjm|�lu�£pF�fh�rur�pª�k�Rls{8�Rjmlu�âã
¨BEáËmèLE�rsA):<tuC#vm@�@L:&EX¨��Hjm|qls�Öt}|qlU{;�fjm|�t4|�{8�ÐÙDw>Ûª�R�Hl����H��{8t4rsr���Ã&t}{�{Y��n��RjLpLlu�kt}�
jR�Hrs��t}|�{8pJ�kpRrurs�H|�{8p%jmhkrujLt4t9�H��pRp�Ã�t}�qlursruls|�{Y�[�8pL{8pHpR�k|qpHGk�8pL��pL{��>�LpL{

(

41 0 0 0
0 0 0 0

)

= (4, 0), (0, 0);

(

0 0 0 0
0 0 42 0

)

= (0, 0), (0, 4)

nqp
(

0 0 22 0
21 0 0 0

)

= (2x, 0), (0, 2x).
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¨��Hjm|qls��{8lurupR|��jmrul¯{YpHpL|��R�£|�t4hk�qpHpF�LpR�k���RjL«Hlu��t4�âã

x−−−
x−x−

−x−x
−x−−

x−x−
x−−−

−x−−
−x−x

(4, 2x) (0, 0)

(2x, 4)
(0, 0)

©�h��Lp�vfxæ¨��Hjm|qls��{8lurupR|��jmruláx
¢£�H«R|�{8�R|q|q���Hrslu|�lÕ�H�Rlu�mh�{§nq�L{�{Y�H�V�k�Hrsr�pR|qpR�8pLjjLt4t¥{��Õ�Hls|4Ã���D{Fx�¡mhk�H��lu�J��x.Ü�x
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gQPX©�P �

� º b�d�_�SXbD¾���U »�ºXW _&Yc_6`�d�½

¿R�R{q{8p�|qpHpR����t�jmh��LpL{q{qh�p���lut}rulU�RpLrs{YpLlu|qlup9jmh��ls�Hls{8p�Ã��H�/�lslu��t4lu��t4�kjmlu���qp�n��HlU�
{8hk|��¯�Hls|�{8t¥{q{8p>�Lp�nqpØ|qpRrursls{�{YpF�Lp�hk|�t4����pL����pRrsru�H��|qpR��pR��pRlsjLpLlu�kt}��¡kt}ls{q{8�R��lU�
�kt4�Æjmhk|D{YpRjmls�ÆjL�L�kt4|D{Y��x�¢��H«H| {8�RrurupRlu|�lururstù� �^�¡��o7�2�¢��£0�Nim�^}�oN�mo|�|�¢��|qpHpL{YpLlu|qlslu�/pRlU�
j�pHpR�9���H�L�qls{qt4rs���H����xå���LpR|�{8pHpF�Rp�ÅKhk�kj�{qlu�H���H�R��ls{8t}ru����ÙÚjm|}xfÉoÌ�ÍÇÛöÃ��ªh�{q{8p����H���
�qlU{8t4rs���£t4l��RrutØjL���ls�kj�pHpR� jL�F�m{q{8��nq�F�|�{Y�F�L�Rrsrulu��t4�âx§©�h�rurut}jmlu����pLruru�RrurutV{8pR���lU�
{YpHpL�£�R��p%ÅKhk��jm{qlu�H��|8p�Ã�t}luj��V³klon�t}jm{qlulU�fls|��m�m{q{8�%�H�Hls��pVt4���H�V¡��H«�����{Y�H�fx
yft4�À|qlonqpRpR�
�R�Hlu����t�¡��R«f�����{Y�R�ÆpRluj�pRls|qt4���klupØjR�HjLt4�ªhkjm|�l�pR����t nqp/���H�R��lU�
{8t}rur����ªhkrU{8ls�krutö¤��jmh��lu�H�
|qhk�R�8pHpR�Àruhk�H���k�Hrurslu|D{8t4�
ruh�jh�n�t4�£n��H���H��p*Ù

H = 1
Û

{YpRli��pL{q�qluls|qls��p�Ù
H ≥ 2

Û¥xæç��{æ`DpLj|�lu��H��pRjm|qlãb0�R{qt}{8pHpR��³�lon�t4j�{qluls�ls|��m��kt4�£|qlM�
nqpR|�{8p�pRlu�k�HpR|�{8pHpR�Æ�Hrst}{8h�|�|qlulU{Y��ÃÕt}{�{8t4l²�kpRrurs��n�t4�Ærshkjmhk���R�R�8�Ø�ªh�h�{8h���lururu�H�R�
{YpR¡��klursr�p�x�È(�Hlu|�lu�Ø|qpR�k�t4�âã�n��Hj�p[{YpR¡��klursr�p[��t4���kt4ls|��m��kt4|D{Y�ª{8hkrst}�lut}����pRrsru��n�t}�
ruhkjmhk���H�R�q���H���¡�{Y��|qh�hk�ql²jmhkls��{8hkrst}�LpRlu|�hkh�{qt4t4��ru�R¡�{8t}�lst4�Æ��pRrsru��n�t}��ruh�jh�
���R�R�8��x

©ªEáËZEdwx_y_yvm:>=)C4\<tu_BE
H
�;j��L{qlu�kt}� �ªh�rs{8ls�krutö¤m�;jmh��lu�Á�H� |qhkhk����pL{q{qhÒ�Ht}�qjmjR�

G
Ãin��H��jLp�|q�Hrs�ªhklu�kp
�>�LpL{9n��RhkjR�H�

Z × {1, . . . , H}
pLrujmlu�R{�|�ls{8t}�âÃ�t¥{q{8��n��L�

j�pRlu|�t4��|q�Hrs�ªhk��r��L¡m{q«�pR|D{8t��H�£|8pR��pªjmhklu�£|qt}�£{qhkru�HpR|�{qtRx
©�pL{8|�t4rurupHpR�Øt}�k|qls��t4|qls��t}�qjmjml��%{8pR��pRhkjm|�t4|�{8p

H = 1
xkç0�Rls{8�%jmh��lu�HlU{Ypªjmh�{8|�hf�

{YpHpL�ukml��m¤�¥6�^����� �^�¡��o7�2�¢��£ �;jmh��lu�Rlujm|qláx

[34] [34] [34]2 2 23 3 3©�h��Lp�wHx�©�h��lu�£É �R�RÍ��R��x
©�h��lu�R{8p£��t4��jlU{Y�H�L�
|�ls{qt4|�~�pR�f��jmh��lu�Hls�kt4�À{8pR��pHpL�

[34]23
nqp/|�t4��nqpRjm|q�H�k��lU�

{8hkh�|��H�ÐjR�Hrs��tLx�¿R�RjLp�jL�Hru��pR�k��t4rurup�{8pR¡k�klsrurup�¡kt}ls{8t¥{Y�H�L�Êj�pRjm|ql ��pLruru�Hp�|8p��
��pL��pRluj�pRls|qt}|�{8láÃä{8�Hls�kt4�ÐjL�Hru��t4��nqp�{8�Hls�kt4�Ð��t4ronq�L��{YpR¡��klu�Ê�k�H�R¡��R�Äx�È��R|�|8�
t4l²{YpL�qjRt}����lu�Æ�jm|qlsru«Hls�������Rls{8��jLpL¡m{8p/��pLruru�Hp�ÃÄ|�lulu�k����lut}rut}|q|8��jmh��lu�£t4l×�Hrut
�j|�luj��R|�ls{q{qt4ls�kt4�âx
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¢£�H«R|�{8�RrurupRlu|�lursrut�jmh��lu�Rlururst0�k�L{8t¥�R��{��LpR|�{8pHpF�Rp�{�{8hkrs�Hjm|qt¥{�jmhklu�£pRlst4����ls�âx�È&���
�klu|D{8hkjm|�t}{�|qlU�fh�h�{8t¥{YpHpR�ÄÃ�j|}x(Éåß�Í�nqp�ÉsËàâÃkrsh��h�{0�XnqpV�RÍáx
©ªEuàBEd¼�ey��A,C5E q rujR��H�

a0, . . . , an−1

n��H�k�kÃDn��R�kj�p�pRrujmlu�L{â�>�LpL{��H�R��t4rsrulu|�l��cruhk�R�f�
�k�Hrsrulu|D{8t}�
rshkjmh�n�t4��n��H�k��nqp�x<Ï�È(t4¡k�k�H�R��jmhkrsrut4jmls��n��H���Hrurst

ai

�ªhkhk�k���H|4Ã�n��H|�|8p
n��Hj�pRlu|�t4t}��n��H���H�

ai

pRrujmls�f�H�Ærslu|q�L{Y�H�L�Æruhkjmh
i
nqp�r�pR|�jRt¥{YpHpR�
���f�kh�ru�

n
x q rU�

jR��H�Æ���Rls��|8pRpL{8h�n��H�k�
b0, . . . , bn−1

xiyt4��n��Hj�pRlu��t4�ÆpRrsjmlu�Ø�H��n��R�k�kÃHn��Hj�pØ|qlU�
|8�RrU{Y�H�/ruhkjmh�nqp��L�Rrslurs{8�

0, . . . , n − 1
x§g(pL|qjRt¥{YpHpL� ���m{V�¡�{8t4t}�Öj�pRlsjmjl�ruh��hk�

i ∈ {0, . . . , n − 1}
t4|�luls�m{;����L{ jL�HjR�[n��R�k�H|q|qp

b0, . . . , bn−1
x²ÙÎyt4hk�qpHpF�RpØt}|qlM�

��t}�qjmjmlâ|qt}rs�Rt4��{Y�H�fÃk��lU{Y�9t4|qlslu��{;����Lrur���{YpL�qjR�Rls{8t¥{YpHpL�âx Û�¿R�H|�{8h�ru�H|��R��jLpLlujmlursrut
i
|8pR��p9jmhkls��n��R�k�H�

bi

�klU{8hkhk|}Ã��kluls��pRrujmhk�¯t4�q�Rlu�kt}�Xn��H�k�
a0, . . . , an−1

t4|qlU{q{8�H�
pR|���k Y¡��q���%hkrs{qlu�krst¥¤J�;jmh��lu�L{Yp�x

�

©ªEuÝBE�rsA):<tuC#v�@B@L:ME�¿R�H|
a0a1a2 = [34]23

Ãk��lulu�
b0 = [01]

Ã
b1 = 0

nqp
b2 = 2

Ã
{8|}x

b0b1b2 = [01]02
x>¿R�H�k�R|q|8p

b0b1b2

t4|qlslu��{;�m� j�pRlsjRt4��j�pRlsjjmlupHpR� j�pRjm|ql����HrurupHp�Ã
�j|�lÄ�jmjR«H�kt}�Vnqp%�jm|qlÄjLpLjjL�H�kt}�âxæ©0�H|�j�pVpRrujmlu�R�

b0

�kls{qhkhk|��H��j�pRjm|�lÎÃfpRrujmlu�R�
b1
�kls{qhkhk|[�H���jm|qlinqp�pRrsjls�H�

b2
��ls{8h�hk|[�R�À�j|�lÎÃ(�kluls��n��R�k�

[34]23
t4|�ls{�{Y�H�

pR|���k Y¡��q���%hkrs{qlu�krst¥¤J�;jmh��lu�L{Yp�x
©ªEUÌQEd¼�ey��A,C5E[±²|qls{�{Y�RjL«f«R�Ün��H�k�

a0, . . . , an−1

pR|D��k Y¡k�q���ªhkrU{8ls�krutö¤���jmh��lu�R{8p�x
È��Rrurs«Hlu�Xjhf�fls�H�9��pRrurs��n�t4��rshkjmhk���H�R�8���R�9jL�HjR�²n��H�k�H��j�pRlsjjmlst4��ruhkjmh�n�t}�[|�hk�V�
��p

n
ãÔrsr���nqpRt¥{q{qhk��p�x

�

©ªEußBE�rsA):<tuC#v�@B@L:ME ©�h��lu�H|�|8p
[34]23

�H�
(3+4+2+3)/3 = 4

��pLruru�Hp�xmyft}�
{8lsr�pR|D�fjmrslÄ���F�m{q{8�H�ª{Y�RrU{Y��ã

xxxx

 x
xxx−

xxx−
x

[34]

2

3

©�h��Lp��fx�©�h��ls�H�
[34]23

{8lurupR|��jmruláx
©�pL{8|�t4rurupHpR��|qlU{q{qt4�%{8pR��pRhk|D{Yp

H = 2
t}rulHl��m¤�¥6�^�6�é� �^�¡��o7�2�¢��£×��jmh��lu�HlU{Yp�Ã>���Llu|�{8�

t4|�lu��t4�qjmjmlu�k�V{8pR�qj�pR|D{8t}rur�pRpR�Øjmh��lu�R{8p
(

[41, 42] 0 21 0
22 0 [42, 41] 0

)

= ([4, 4x], 2), (2, [4, 4x]).

Ï �äø�üÔôÎõ¥ïFðÔëÁ�Kê¥ë�ê¥üÔôÎõ
ai

óYõ¥õ �>ð ô�õ¥õ¥ëÜüåðåòÎñöï>òáð	�¥í6ôÚô�ñ��Kê}òÕòÚí�ë�÷�ð ôÎø�ø�òæê}ë��4ïFï �}òÚôÎñäòÚø�ø�îáí�ì�÷�ð	�òáí×í�ðkòáð òáñ¥üÔü ñ�ü õöðåë�ïYõ¥õöë9ë�ê¥üåüÔð õ ! ùiñöì�ñ�ê¥ë�ê}ðÔï}íDø>ôÎí6ôÚôÎø�ê¥üåí6ôáôÎõ¥ì×ø�ò�"LíqòÚðåì�íDîÎïFðÔï>òáðfìÜø�ü ôÎðÔ÷�üÔí��,Êþ�í�ð ôáôáê
[30]

ô�õöîÎï¥ê}ð ôáôÎõ¥õcôÎñ}òÚì�ñöüåüåíDíDë òÎõöì�õ¥õÜïFø�ðÔë þ�í�ð ôáôáê
3
!
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çX�Rlsrurst��k�L{8t¥�R��{�ruh��hk|�|8pV�ªt}|qls{qt}{;�m{�¡mhk�H��lu�L{��k�Hrsr�pR|qpR�8pLjjLt4ls|�{Yp9|qt}jL�%�LpR|D{YpHp��
�LpL{�{8hkrs�Hjm|qt¥{Fã

©ªE¢¨BEd¼�ey��A,C5E q rujR��H�
A = (aih)

��p�{8�qlslu|�lÎÃÕn��H|�|8p*�H�
n
|qpR�8pRjLt}{�{Yp/nqp

H�qlU�flu�ÐÙÚls�k�kt}j|�lut}�Ð�h���t}�q�Hls�m{ql pRrs�Hls{qt}{8pHpR�Ö�jmjR«R|qt4|D{Y��Ûöx q rsjR��R{
A
ãÔ��pRrsjmlu�R{

�H�R��t4rurslu|�l��§n��H�k��nqp
aih

n��HhkjL�H|q|qp
N×{1, . . . , H}

x Ñ È(t4¡k���R�R��jmhkrsrut}jls�0n��H�k�Hrsrut
aih

�ªhkhk�k���H|4Ãin��H|q|qp£n��Hj�pRlu|�t4t4��n��R�k�H�
aih

t4��|qlu�����Rlu|�t4t4��jR�H���Õ�R�kt4��{q{qluls�
ruls|8�L{8�H�R��pRrujmls�

i
nqp�r�pR|�jRt}{8pHpR������khkrs�

n
x q rsjR��H�����Rlu��|8pHp�{8h���pL{q�qluls|ql

B =
(bih)

x¯yft4�ªn��Hj�pRlu��t4�£pRrujmls�
bih

�H�ªn��H�k��Ã�n��Hj�pV|qlu|q�Rrs{8�H��n��Hh�jR�H�
{0, . . . , n − 1} × {1, . . . , H}

pRrujmls�Hls{8p�xg(pL|qjRt¥{YpHpL�����m{��¡�{8t}t4��j�pRlsjmjlÄruh��hk�
(i, h) ∈ {0, . . . , n − 1} × {1, . . . , H}

t4|�lulu��{;����L{�jR�HjL�À��pL{8��lulu|�lu|�|8p
B
xÜ¿R�H|J{8hkrs�H|J�H��j�pRlsjmlururst

(i, h)
|8pR��p�jh�lu�

n��H�k�H�
bi+1,h

�klU{8hkhk|}Ãâ�klslu��pRrsjh��Õt}�8�Rls�kt4�Æ��pL{8��luls|ql
A
t4|�ls{q{8�H�Ø|���k Y¡��q�£�ªhkrU�

{8ls�krutö¤��;jmh��ls�R{Yp�x
�
x

©ªE|©ªE�rsA):<tuC#v�@B@L:ME ©�h��lu�H�
([4, 4x], 2), (2, [4, 4x])

��pL{8��luls|qlu|�|8p

A =

(

[41, 42] 0 21 0
22 0 [42, 41] 0

)

�H��t4|qls��t}�qjmlujm|�l
a11 = (4, 1), (4, 2)

Ã�{8�R|�{8� |qpHpR��pHpL�
b11 = (0, 1), (0, 2)

x
©0�HjL���%hkhk�k�kt¥{q{qh/��pL{8��luls|ql¯�H�

B =

(

[01, 02] 0 01 0
22 0 [22, 21] 0

)

.

yfluls����t}|qlslu��{;�m��j�pRjm|ql&jRt}��{YpRp�pRrujmlu�
01

ÃÕjRt4���8pR��pLrujmlu�
02

Ã¯jRt4���8pR�
pRrsjmlu�
21

nqp
j�pR¡k�kt}|�{8l�pLrujmlu�

22
xæ©0�H|�j�pXn��R�k�H�

b11
�klU{8hkh�|��H��jLpLj|�lÎÃ�n��R�k�H�

b12
�klU{8hkh�|��H�

�j|�lÎÃ8n��H�k�H�
b31
��ls{8h�hk|§�H�9�j|�l�nqp²n��R�k�H�

b32
�klU{8hkhk|&�H�%j�pRjm|�lÎÃ��kluls�

A
t4|qlU{q{8�H�

|���k Y¡k�����ªh�rs{8ls�krutö¤���jmh��lu�R{8p�x

©ªE¢-BEd¼�ey��A,C5E[±²|qls{�{Y�RjL«f«R�
n
�;|qpR�8pRjmjLt4lu��t4�£��pL{q�qlslu|ql

A
|���k Y¡��q���%hkrs{qlu�krst¥¤J�

jmh��lu�R{8p�xmÈ��Rrurs«Hlu�Vjmh��lu�R�Ø��pRrsru��n�t}��rshkjmhk���H�R�8���H��jR�HjL�ª��p�{8�qlslu|�lu�Vj�pRlujmjmlut}�
¡kt4lU{q{q�Hruhkjmh�n�t}��ÙÚt4lij��R|�lU��lu�k�kt}jm|qlut}�æÛÜ|�hk����p

n
ã ruru��nqpRt}{�{8hk��pfx

�

©ªEuÓBE�rsA):<tuC#v�@B@L:ME ©�h��lu�H|�|8p
([4, 4x], 2), (2, [4, 4x])

¡kt}ls{�{8�Hrshkjmh�n�t4� |�hk�J�
��p �R���RÂ×nqp

n = 4
ÙÚ���HrurupR|8pR�qpRjmjRt}t}{²�H�J�R{qt}{�{YpF�Lp ¡h��H��ls�f�R�æÛ¥Ã8n��R{8t}�Jjhf�fls�H�

��pRrsru��n�t}��ruhkjmhk���H�R�q�ª�H�
20/4 = 5

xkÈ�lsr�pR|D�fjmrslâ���F�m{q{Y�R�V{8�Rrs{8��ã
Ñ6é}ê¥ë�ê��KíDëXõöüåï4ðåêöôiêYóYõYô�òáðÔð òâ÷�õ¥îáí<�Úõ

(r, s)
��ì�ð òáòÎñ

r ∈ N
�Úõ

s ∈ {1, . . . , h}
!

*�p



x−x−
x−x−
x

x−x−
x−x−

x

([4,4x],2)

(2,[4,4x])©�h��Lp��fxk©�hf�fls�H�
([4, 4x], 2), (2, [4, 4x])

{8lurupR|��jmruláx
Ùá©�h��LpR|D{Yp��J�H���k�Hrsr�pR|qpR�8pLjjLt4lU{YpV�RpL|�{YpRp>�LpL{�{8lsr�pL{änq�L{qt}{�{;�/�¯�Hls|4Ã����{FxÕjmh��Lp�v
ruh��hk|�|8p���xåÛ
©ªEáËmèLE�rsA):<tuC#vm@�@2C��,_�eZèh:<tueyeH=)=)?2vm:<:�èÙA ¹��Z=�CD=)=�_D±y_H@LA):ME

23[43]

25[56]25

(0, [4, 4x]), (0, 4x), (2, 4x), ([4, 4x], 0), (4x, 0), (4x, 2)

([4, 4x], 2), (4x, 2), (2, [4, 4x]), (2, 4x)

([4, 4x], 2), (2, [4, 4x])

([6, 6x], 2), (6x, [2, 2]), (2, [6, 6x]), ([2, 2], 6x)

([6, 6x], 2), (2, [6, 6x])

©ªEáËæËZEdº;�Q?ªtu:<?QE�©�pRlsjls|�{8p0|���k Y¡��q�L��jhf�fls�Hlu|D{Yp�Ù
H ≥ 2

Û�{8lut}�kt}{8�H�R�ª�ruls���H���
{Y�H�L�Æ¡m�m�lu���L�R¡��R�Äx�yft4�
|ql nqpHpR��pR|D��k Y¡k�q�£�ªhkrU{8ls�krutö¤£��jmh��lu�Hls¡klu�ÁÙKt4rsl§�%�R«H|
{YpF�LpRrurslu|�lulu�£|qlU{8t}|�~�pR�f�;jmh��ls�Hlu¡kls�æÛ0rsluls{�{;�m��hk|�t4lU{Yp�¡���ls�kjmlu���kls{qj��Rrurst%��t4�kt¥�flu�
{8hkrs�Hjm|qlup�ÃÕn��Hls{8p�{Y�R|�|8��{qt4jm|�{qlu|q|q�Àt4l��Hrst���pRls�kls{�{8hâx§È��R|q|q���¡m{qt}��kt}|q|8���lulU{��
{YpHpL����tX{8t}jm|�{8t}lu¡kls�
Éåß�ÍáÃ�ÉsËÝ�Í�nqp�ÉsËàâÃ�ruhkjmh£�LÍáx

*��



gL���;È�± ¦

¹ªº YÐÒéÒXYcbDb6_6`¾Äd�b ºFW�º d£¼m½ » Y » YÐÒX½c_6`fb ºXW�º d

gihk�H�k�k�Rruruls|�{qt4��rshkjmh�n�t4�Jn��HhkjmjR��p
{0, 1, 2, . . .}

��t}�qjmls{8�H�R��|D��ª³Õ�Rrulursr�p
N
nqp

jR�HjL�H��pRls|qrshkjmh�n�t4��n��HhkjmjR��p
{. . . ,−2,−1, 0, 1, 2, . . .}

��t4�qjmlU{Y�H�R�V|D��ª³Õ�Rrulursr�p
Z
x&�&�H|�ls{qluls�ls|�{8t}��jL�HjR�R��pRlu|�ruhkjmh�n�t}�£n��HhkjmjL��p

{1, 2, 3, . . .}
��t4��jmls{Y�R�R��|D��J�

³Õ�Rrulursr�p
Z+

x
q rut4����pRlu��t4��ruhk�R�k�k�Hrsrulu|D{8t}�Øruhkjmh�n�t}���H��ls��pRls|qhkhk|��H�
úßEÚË5E
	®:<C^èh:�t»t×_Zè»eZ\>@L:<?2è �TC#v�:>eyeH=)C2E9¿R�R|

A ⊂ N
�H��t}���L{;�¡�nq�0n��HhkjmjL�kÃ

�kluls�
A
ã |�{8p�rs«��m{;�m���klst4�kls�£pRrujmlu��x

��²lut4��lu�����R��pRrujmls�H���¯t4��l�pHpL{qt%�H��pLj|�lu��H��pR��pR|�t4��pR|q|qp�x�yft}��jLpL�k|q|qp��¡�{Y���
�kls{8�F�R�ª�¯t4��l�pHp�{8t��H�
úßEsàLE
� è�gh�h@ª=�:<?5�TC#vm:<eHeH=�C5E q rujL�f�H�

A ⊂ N
n��Hh�jjL�kÃLn��Hrsrut

ÙÚl�Û
0 ∈ A

nqp
ÙKlulÇÛÜn��H|

i ∈ A
Ã��kluls���%�H«H|

i + 1 ∈ A
x

È��Rrurs«Hlu�
A = N

x
�±²|qlu��t4��jmjRt6nq�Æls�k�khkj�{8ls�H�¯t4�qlupHpL{�{8t4t}|�{8p�nqp��klut}�klu�����L��pRrsjls�H���¯t4��l�pHpL{�{8t}t4|�{8p

jR�H¡��klu|�|8pJ�kxsw>�fÃæ¬Xx ��nqp�¬XxÔ��x
úßEsÝLE���C#@L�QvmA):<?5�TC#vm:<eHeH=�C5E�yflslu������lu|�|8��ls�k�khkj�{8ls�H�¯t4�qlupHpL{qt&�H��{;�R«Hj�pRruh�pR|�lu�HlM�
�kt4��{q�f��lu|�{8pR��lu|qt}t4�âÃ¯�qt}jmhk�q|�lu�H�¯t4��l�pHpL{qt%�H��{;�R«Hj�pRruh�pL|qlu�Rlu�kt}�����H�R�qlU{q{qt4rut}��lM�
|qt}t4�âx±²|qls��t}�qjmjml¯��t4jmhk��|qlu�R�Õt}�ql�pRpL{q{qt4t4���ªhkj�pRls|qt}|�{Yp�t4rslB���6im�4��l�o|o|}�o¢l��6l��Nk����H���
�qlU{q{8t}rs�|�{8�ª�H�£|qhk����pL��t}�qjmlu�k�k�R�

n
∑

i=0

i (= 0 + 1 + · · ·+ n)

{YpR��jmjLpV���H�R��ls{q{qt4rU�Õã

ÙÚl�Û 0
∑

i=0

i = 0
ÙÚ�qp�nqpRt4¡�{q�mÛ

ÙKlulÇÛ n
∑

i=0

i =

n−1
∑

i=0

i + n
ÙK�qt4jmhk��|qls��pR|qjLt4r�Û¥x

*�



�V�6im�4��l�oN�6�Z���²o<kDk'�M�â|8pR���f�kÃ�t¥{q{Y�²n��H|§pL|ql�p%ÙK{8pR�qj�pRrsrut4t}�[�L{q{YpLt4�[ÅKh��kj�{8lu�²n��HhkjL�Hrs{8p
N
Û��H�Æ���R�R�qlU{8t4rU{;��t4��|qlu��pL���H�Rrur�p

0
Ã¯�kluls��|�t4��nq�RrujLt4t}�Æt4|qls��t}�qjmlu�/j�pRrs{8pRlu�kt}�

���R�R�qlU{8t4rs����ÙÚ|�t4hk�qpHpF�Rp£pR|�l�p����R�R�qlU{8t4rsr��H�L��t4��t4rurslu|�t4��pF�hkrurup�Û pR��{YpHp�pR|�l�pRrsrut
��i�l�o¢i'~ml�o|�<����o¢l���¤����H�R��ls{8t}ru���R��jLpLlujmlursrut

n ∈ N
x

80lst4��pR��t4����{YpF�LpR�k�H��pRlu��t4��t4|�lu��t4�qjmjmli�qt}jmhk�q|�lu�H|D{YpVjR�H¡���pR|q|qpØvfx.Ü�x
úßEMÌhEdwx_y_yvm:|=�C^\�tu_�E q rujR��H�

a, b ∈ Z
Ã
b 6= 0

x&gihkjmh
a
�R�f� k^�m�|�¡o|¤���¤�rshf�

�hkrurup
b
Ã¯��lsj��Rrul

a = bc
n��Rrurut}jmlu�

c ∈ Z
xæÈ��L{Y����t}�qjmls{8�H�R�

b | a
nqpJ|8pR���R{YpHpL�

�%�H«R|4ÃÄt¥{q{8�
b
� kmi'kDk

a
ã ��{YpRláÃæt}{q{8�

b
�R�

a
ãÔ�a���6imo � ~Rxâ¿R�R|

b
t}l§�Hrst

a
ã ��{8t}jl nq��Ã

��t}�qjmls{8�H�R�
b - a

x
È��R�qjLtF�V{;�H«Hj�pRrshVnqpL�Hrurslu|qh�hk�kt4��{YpR��jLpL|�{8t}rut}��ls|qt4t}���H�
úßEsßLEd¼ÐeZ��A C¯Ø¢�,ey@5?^¹QÍª=�_Z\�BÚ�E�¿R�H|

a, b ∈ Z
nqp

b > 0
Ã§�klslu���R�*�Hrut}��pR|�|8p

ruh��h�{
q, r ∈ Z

|qls{qt4�âÃ�t¥{q{8�
0 ≤ r < b

nqp
a = bq + r

x
È&�Rlu|qls��|qpR�k�t4�âãjmhk�Ø�¯�H|qlU{8lsls�lu|�t4rurupXjR�RjR�H��pLlu|qrsh��hkrurup

b
nqpRj�pHp�jR�RjR�H��pLlu|qrsh��hk�

a
Ã�|8pHpL��pHpR�J�H|qpR���R�R�8�

q
nqpÜnqpRjL��nq�H�R�k��«H|

r
Ã,�)�m¤Hi'k��m¤]�m�¡�Ïk'}mk

b � �N~X�2oN��¤����é�2oÇx
Ù�8�hk�H�£x�n��H|

r = 0
Ã��kluls�

b | a
xåÛ

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å q rujL�f�R�
S = {n ∈ Z | a − bn ≥ 0}.

¿R�HhkjmjR�
S
t}lä�Hrst%{;�¡�nq��ãn��H|�t}|qls�/x

n = −a2 Ãâ�klslu� a − bn = a + ba2 > 0
Ã

|qlsrur��
b > 0

nqp
a ∈ Z

xkç0�Rlu���Hrurst4��j�pRlsjmjlst4�Øt}lU���kt4��p�{8lulU�lu|�{qt4��ruhkjmh�n�t}�
a− bnn��HhkjmjR���H��n��HhkjR�R�

N
t4����{;�f¡�nq�À�H|8p>n��HhkjmjR�kÃÄnqp�|qlU{8t4�Ö|qlsls{Y��rs«>�{;�m� �klst4�kls�

pRrujmls�yG��HrujL�f�R��|qt
r = a − bq

xª8XpRrsh�{YpRpR���H|��Hls{�{YpHpfÃ¯t¥{q{8�
r < b

xi¿R�H|0���Rls��t4l
�Hruls|qláÃ���lulu�%�Hruls|ql

r−b ≥ 0
xRÈ&�Hls|8pHpLrs{Yp0�Hruls|ql

r−b = a−b(q+1) < r
Ãön��L{8t4�Jt}lU�

�kt4�HpL{8lsls�lu|D{8t4��ruh�jh�n�t4�
a− bn

n��HhkjL�H|�{8p[rs«��m{;�lu|�l
r
ãÔ�H�[��lut4��t4���kl¯pRrujmlu�

r− b
x

È��R���J�R�£��lu|D{8lu��lulU{Yp�x
�

±²|qlu��t4��jmjlfnqpLjR�>�¡m{8�Rru«R|�{Y�VjL�H¡k��pR|�|8p�¨Xx �x
úßE	¨LEdú�\>@L��\<�L±Q�Q=0E�¿R�HhkjL�H�

Z
pRrujmls�

p > 1
�H� k'�7im�^�¡�Dim�fÃ�n��H|

p
ã �ÁpRlu�k�HpL{

�Õ�R|qls{qlulU�fls|qt¥{�{qt4jmlonq��{X�>�LpL{ rsh��h�{
p
nqp

1
xª80h��H��pRp�Ãæt}{q{8��ruh�jh

1
t}l§�Hrst%pRrsjmhf�

ruhkjmhâx
µc�Hlu�kpHpR���R|q�HlU{q{YpRpÊÙÚjm|}x ÉUË¯Ë�ÃÜjLpL�k��pRrst��fxå��Í�Û¥Ã×t}{�{Y�*pRrsjh�ruhkjmh�nqp
�H�Ð�H�R��t}{q«H�
���R�R�8�[nqp�t}{q{8�Vn��Hj�pRls�kt4�
jR�RjR�H��pLlu|qrshkjmh

a > 1
�R�Hlu�kpHpR�
t4|qlU{q{8�H���jm|qlsj��R|qlU{��

{8t}lu|qt}����pRrujmhkrshkjmhkt4|�ls{;�jm|qt4�k�
a = pe1

1 pe2

2 · · · pek

k (k ∈ Z+),
��ls|q|q��ruh��h�{

p1, p2, . . .
���LpL{VpRrujmhkrsh��h�{0n��H|�|8pRls�/nq�R�Kn�t}|�{;�jm|qt4|�|8��xÜ¿R�H|[{Y�R|�|8�

ei > 1
n��Hrurst4jmlu�

i
Ã��klslu�

pi
�H��ruh��hk�

a
�Dl���k'�é�2o¢iD���²�Ïk'o|¤���¤ßk'�7im�4�¡�Dim�^�M�6imo � ~Rx

O�´



¦Xrsjh�ruhkjmhkt}|qls{;�|D{Y��{YpR�D�flU{YpHpL�9rslulU{q{8t}t4|�|8��±�x�g��R�kh�{i{Y�L���R��rsh��hk�[jL�H¡k��p�{&�lulU{��
{YpHpF�LpL{V|�ls�hk�Á��Â�¡mhk�R��pRhf{8hkjm|qt}t4�ÖpRrujmhkjmh��ls�Hlu�kt}�/nqpRjm|q�H���kls{qhkhk�kt}�Á�ru�R�8p��
nqpR|�{8p�x
úßE ©�Ed9fC^A,@5C^èQ_y_ZèÆ�,ey?Z=)=)?ªt×eH= \��L±Q�L=DE�©0�RjR�H��pLlu|qrsh��h�{

a, b ∈ Z
�>�LpL{

iD�6l6iD��¤2~D~'¤s� k^�m�����m� o<kRÃ>n��R|�pRls�k��pR|D{YpHpR��ruhkjmh
(±)1

nqpLjLpRp%���Rrut4����pL{cruh��h�{4x
gih��h�{

a
nqp

1
���LpL{�jRt}|qjRt}���H�R�ªnqpR�R{�{8�H��l�p�j�pRlsjlsrurup

a ∈ Z
x�¿R�H|

a, b 6= 1
���LpL{

jRt}|qjRt}���H�R�JnqpR�R{q{q�H��l�p�Ã�kluls���kluls�kt4�£pRrsjh�ruhkjmhkt}|qls{;�jm|qls|q|q��t}l(t}|qlslu�k���Ø|qpR����nqp
ruhkjmh�nqpfxæy�pR�k�L{YpHpR���%�R«H|4Ã�t¥{q{8�

a
ã rurup�nqp

b
ã ruru�f��o��m�¢�����^�M��o¢l�o<~î���6imo �)ømo|�Ï~Rx

úßE	-LE�rs�h\<C#vm:<è����hèQ@�=�:>?hE q rsjR��H�
n ≥ 2

jL�HjR�R��pRlu|�ruhkjmhâx�È��Lruru«Rlu�9n��Hh�jR�H�
{m ∈ Z+, m < n | m

nqp
n
�>�LpL{�jLt4|qjLt4���R�R��nqpR�R{�{8�H��l�p

}pRrujmls�Hlu�kt}��ruhkjmhk���H�R�q�H�ª��t4�qjmlU{Y�H�R�
ϕ(n)

x�¦X|�t}{8t¥{YpHpL�/rslu|8�Lj|�l
ϕ(1) = 1

ÃLn��HrM�
ru�Hls�

ϕ
���H�R��ls{�{8t4rst4t�ÅKhk�kj�{8ls�H�

Z+ → Z+

x�±c|�lu��t4��jlsjm|ql
ϕ(2) = 1

Ã
ϕ(3) = 2

Ã
ϕ(4) = 2

Ã
ϕ(5) = 4

x
úßEsÓLE��B���Qvm:�è°¹QÍª=)C4:<èQC4è =�C#@L:¶�,_BE�©�pR¡��kt4��jL�HjR�R��pRlu|�ruh��hk�

a, b ∈ Z
l��^�^�

�²o|¤ä���^����o|¤���¤ß���6imo � ~��H��rshkjmh
c ≥ 1

ÙK��t}�qjmls{8�H�R�
c =

|��m{
(a, b)

Û�|�ls{qt4�âÃ�t¥{q{Y�
c | a, c | b

Ù6w�Û
n��H|

d | a, d | b
n��Rrurut}jmlu�

d ≥ 1
Ãk�klslu�

d | c.
ÙÎ�HÛ
±²¡m{q�/ÙDw�Û�|qpR�k��kÃkt}{�{Y�

c
�R�£|�t4j��

a
ãÔ��t}{�{Y�

b
ãÔ��{8t}jmlonq��x�±c¡�{q��Ùá�HÛÜ|8pL�k�f��Ãkt}{�{Y�

c
ão{Y�V|�hkhk�qt}���kpHpJ�¡�{8t}lu|D{Y�V{8t4jml nq�H�ªt4lirs«�����Rx
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� Y » Y�Ò0½c_D`b º0»�º ¼m¾LÒ ¼macaÐÒéÒ0e×`b º Y » ½²d ÖáYæÑ º bMY
n

©0�HjL�H��pRls|qrshkjmh�n�t4�ªn��HhkjmjR�Hp
Z
�H�Rli¡�pF�RpLlu�k�k�Rruruls|�{8pHp[rshkjmhk|qhk�R�8pRrsr�p�ã

−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9©�h��Lp�wHx�gihkjmhk|qh��H�8p�x
P0|�t4lu�À�H�À{YpL�q�¯t4t4rsruls|�{Yp[nqpRj�pHp£jR�HjL�H��pRls|qrsh��h�{

n
ã ���klU{8hkls|qlslu��nqpRjm|q�Hls¡klu�ÄÃ&pLrur�p

n = 4
ã

−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9©�h��Lp��xæ¿HpRjm|q�R{qt}{�{8h�rshkjmhk|qh��H�8p�x
¸�EÚË5Edwx_y_yvm:|=�C^\�tu_�E�¿HpRt}{�{YpRt}|q|qp
jL�HjR�H�kpRlu|�ruh��h�{

n
ã ����ls{8h�lu|qlslu�£nqpLj|��Hlu¡�lu�âÃ

n��HhkjmjR�
{0, 1, . . . , n− 1}

�ªh��f�k�R|�{YpRpªpRlu�kp[�¡k�kt4�ªnqpRjm|q�R�âÃ��k|}x4�Z���²�#l>� kmi�l��m¤
�î�,n'�4�¢�

n
x�È��R|q|q��`;����khkrs�

n
bJjLt4�D{8��VnqpRjm|��H�k�klU{8hkhk��t4��nqp%nq�L{qt}{Y�R�R��hk|qt}lu�

�Õ�Rlu|4Ã���lsjL�Lrul¯|qt4j�pHpL�k�mhkjm|qt4�/�RpRpR�8pHpªt}li�HrutLx
¸�EsàLEdwx_y_yvm:|=�C^\�tu_�E�¿R�HhkjL�H�

Z
� kmi�l���ÙÚ���f��hkru�

n
Ûä�H�

n
�6pLrujmlu�Hls�kt4��n��HhkjmjR�

{kn, kn + 1, kn + 2, . . . , kn + (n − 1)}
Ãk��lu|q|q�

k ∈ Z
x

¸�EsÝLEdwx_y_yvm:|=�C^\�tu_�E�©�pR¡k�kt}�%ruhf�fh��
a, b ∈ Z

|qpR�k�R{8pHpR�%�Rrut}�LpR��iD�m¤^Ý'�²�5��¤Z�
��o|�ÄÙÚ����khkru���æÛöÃL��luj��Rrsl��kt��>�LpL{ä|qpR��pR|q|qp0�LpRlu¡kt}t4|�|8pcnqpRjm|���pXt4rslm��lsjL�Lrul��klslu�kt}�
t}{8�Rlu|D��|c�H��ruh��hk�

n
���H�klujLt4�D{Yp�Ã�{8|4x

b = a+kn
n��Rrurut}jmlu�

k ∈ Z
x�È��L{Y����t}�D�

jmls{Y�R�R�%rU�f¡��Rt4|�{ql
a ≡n b

{YpRlm�¯t4rsjL�L|�{Y�R�R�
a ≡ b

ÃL��luj��RrslH|qt}jLpRpR�k�mhkjm|qt}���LpHpR�qpHp
t4li�HrstRx
¦Xrsr�p

−5 ≡4 3
Ãk|qlsruru�

3 = −5 + 2 · 4
ã

−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9©�h��Lp��fx
−5 ≡4 3

x
º;�Q?2t»:<?QE�gih��h�{����LpL{�jR�H���H�qhkt}��{8ls{ÆÙÚ���f��hkru�

n
ÛöÃ���luj��Rrul��klulsrurut�|qpHpR��pRpR�

n
ã ruru��nqpRt}{�{YpRt}|q|8pJ|8pL��pL{(nqpRjR��nq�R�R�k�k«Hjm|�t}{Fx

Oq¸



¸�EMÌhEd¼ÐeZ��A C2E q rujL�f�L{
a, b, c, d ∈ Z

nqp
n ∈ Z+

x
ÙÚl�Û%¿R�H|

a ≡n b
Ã��kluls�

b ≡n a
x

ÙKlulÇÛ9¿R�H|
a ≡n b

nqp
b ≡n c

Ã��klslu�
a ≡n c

x
ÙÚlulslÇÛ�¿R�H|

a ≡n b
nqp

c ≡n d
Ã��kluls�

a + c ≡n b + d
x

ÙKls��Ûª¿R�H|
a ≡n b

nqp
c ≡n d

Ã��kluls�
ac ≡n bd

x

½�¾¿ÁÀ|Â�ÃQÄhÂ^ÅäÈ(�f��lu|�{qhk|×�H��|�hk�H�qp>�lsls�LpRlu��t4�BGR{q�f��lu|�{qt}{8pHpR����pRrsrulsj|�l�jL�H¡�{YpØÙKlul�Û¥x
¿R�H|

a ≡n b
nqp

b ≡n c
ÃÕ�kluls�

b = a + kn
nqp

c = b + ln
n��Rlururst4jmlu�

k, l ∈ Z
x

È��Rrurs«Hlu�
c = b + ln = (a + kn) + ln = a + (k + l)n

Ãit}rul
a ≡n c

x(¢/h�h�{
jR�H¡���pL{�|8pR��pHpR��{8pR��pHpR�Äx

�

¸�EsßLEdwx_y_yvm:|=�C^\�tu_�E�gih��hk�
a ∈ Z

� ~D~'¤Z¤�ø�l��¡�Z��i�i'k�ÙÚ���f�kh�ru�
n
Û��H�Vn��HhkjH�

jR�
[a]n := {t ∈ Z | t ≡n a}

xc¦Xrujmls�Hls{8p
t ∈ [a]n

|8pR�k�L{YpHpR� ruh��Hj�pR�
[a]n��n'�#l��Nk��²o¢i�l�oÇx

gih��hk�
a
nq�H�L�k�k«H|�ruhk�Hjmj�p�|�luls|�|�lu|q�Rrs{8�H��j�pRlsjmjl�rsh��hk�

a
j�pR�k|�|8p�jL�H�k�H��hkt4��{qls{

ruh��h�{4x�±²|qls��t}�qjmlujm|ql
[−1]4 = {. . . ,−9,−5,−1, 3, 7, 11, . . .}

ÙK��D{Fxkjmh��Lp��HÛ¥x

¸�E	¨LEd¼ÐeZ��A C2E q rujL�f�L{
n ∈ Z+

nqp
a, b ∈ Z

Ã
a 6= b

x�È��Rrsru«Hls�[nq�H�R�k��«H|qrshk�Hj�pL{
[a]n

nqp
[b]n

n��HjL�0�¡�{;��L�L{&{YpRlm�>�LpL{(t4��lururslu|�l���Ãö{8|}x8n��RjR�
[a] = [b]

{8pRl
[a]∩[b] = ∅

x

½�¾¿ÁÀ|Â�ÃQÄhÂ^ÅäÈ(t4¡k�k�H�R�£pR��{8lU{8t4t}|qláã
[a]
nqp

[b]
t4ls�L�L{Ü�¡k���Øt}ls�L�L{qjL�[�Hrut t}�qlsruruls|qlu��x

©0�H|�j�p�n��HhkjR�L{ªt4lU�L�L{%�¡k���RÃäru«>�m{;�m��pLrujmlu�
i ∈ Z

Ãæn��RjLp/jh�hkruhkhÁpLlu�k��pL|�{YpRpR�
{8�Hls|qt}t4��n��Hh�jjL�f�R�BGÕ�RrujR��H�/|qt

[a]
xÕ©0�R|qj�p�n��HhkjL�R{ t}ls�L�L{0�Hrut9t4��lursrulu|�l���Ãfru«>�m{;�m�

pRrujmls�
j ∈ Z

ÃLn��Hj�pVjh�hkruhkh£���Hrut}���klslu��n��HhkjmjR�Hls¡klu�Äx
yfluls|q���

i ≡ a
nqp

j ≡ a
Ã
j ≡ b

xc©��H|qj�p
i ≡ a

nqp
a ≡ j

Ã²�kluls�
i ≡ j

nqp
t4�kt}rurst4t4�ÄÃ�jR�H|�jLp

j ≡ b
Ã��klslu�

i ≡ b
x�È��R�����R����lu|D{8lu��lulU{Yp�Ã�jR�R|qj�p

i
t4l�jmhkh�ruhk�mh�{

n��HhkjmjR��H�
[b]
x

ÙÚÈ��R|�|8��|q�>�Rt4rurst}{�{8luls��jLt4�q�qpR��r�pRh�|qt}{�{YpØ¨0xÔ�æÙKlÇÛ§nqp�j�pR¡k�kt}|�{8l§r�pRhk|�t}{�{Yp�¨Xx �æÙÚlslÇÛöx Û
�

¸�E ©�Ed¼ÐeZ��A C2E[¿R�Hj�pRls|qt}rurut
t ∈ Z

����{8t4t
t ≡n i

n��Hrurst4jmlu�
i ∈ {0, . . . , n − 1}

x

½�¾¿ÁÀ|Â�ÃQÄhÂ^ÅT80pRruh�{8pHpR���H|��Hls{�{YpHpfÃft¥{q{Y�
t = kn + i

n��Hlursrut4jmls�
k ∈ Z

Ã
0 ≤ i ≤

n − 1
xkÈ(hkrs�H|�|8pHpR�kpHpR��|qhk�R�8pHpR�ªnqpRjL���¡�{Y�Lru«H|D{Y��Ãkjmhk�

t
nqpLt}{YpRpR�

n
ã rur��fx

�

¸�E	-LEdwxC#vm@B:�èª=)_BE�¿R�HhkjmjL��p�Ãkn��H�kj�p�pRrujmlu�Rlu��pØ�>�LpL{�n��HhkjL�H�
Z
j�pRlujmjmlÄnq�H�R�f�

�k«H|�ruhk�Hj�pL{�����khkru�
n
Ã���t4�qjmlU{Y�H�R�

Zn
xkÈ(�Hls|qlu��|qpR�k�t4�

Zn = {[t]n | t ∈ Z}
x
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¸�EsÓLEdº;�Q?2t»:>?hEXg�pRhk|qt}lu�kt}� ¨Xxå�VnqpÆ¨Xx ������nqpRrurupªnq�R�R�k�k«H|�ruhk�RjLp�{�ÙÚ����khkru�
n
Û�nqpRj�pF�LpL{ n��HhkjR�R�

Z n
ãÔ�H�R� t4��lururslu|�t4t4�*rshk�Hjmj�pHpR�

[0], . . . , [n − 1]
xcÈ(�Hlu|�lu�

|8pR���ft}�
Zn = {[0], [1], . . . , [n − 1]}

Ã
[0] ∪ [1] ∪ . . . ∪ [n − 1] = Z

nqp
[0] ∩ [1] ∩ . . . ∩ [n − 1] = ∅

x
©0�H|�j�p[ruh��Hjmjlst4�

[t] ∈ Zn

nqp9t}�khk|D{Yp�n�lst4�
i ∈ {0, . . . , n − 1}

�L�Rrslururu�0�H���j|�lU�
j��R|qlU{q{8t}lu�kt}� �LpR|D{YpHpF�hkhk|}Ã �R�Hlu��pRpR� n��Hh�jjL�

Zn

|8pL��pRls|�{8pHp n��HhkjmjR��H�
{0, . . . , n − 1}

x�¢/luj��RrslX|qt}j�pHpR�k�mhkjm|qt}� �LpHpR�qpHp�t4lX�HrutLÃ����Rls���rut}t4�k|q�Á{qt4¡f�
���H�R�[nqpªt}|qls�/xFnq�H�R�k��«H|qrshk�Hj�pR�

[1]
pR|qt}��t}|�{YpV�kh�¡hf{YpHpR�%nq�H�L�k�k«H|�ruhk�Hj�pR|D{Yp

1
x

¸�EÚËèLE�[]Íª=�C#C^è�\>eZA,@B� tu?Bg��h\<?
n
E q rujR��R{

a, b ∈ Z
nqp

n ∈ Z+
xh�;rs��pLlU�

|qhkrsr�p��
a + b

r�pR|�jRt¥{q{8h���pV����khkrs�
n

�f{YpL�qjR�Rls{8t¥{YpHpL�Øruhk�RjLpL�
[a + b]

t4�khk|D{Yp�nqpRp
n��HhkjL�H|�{8p

{0, . . . , n − 1}
x

¸�EÚË¯ËZEdº]¹B±L:�èhtu_y_yvm:|=)=�C^\|¹QA =�_BEX¢��H�L�qls{qt4rU{Y�Rt}|q|8�ÀÅKh��kj�{8lu�L{Yp£n��HhkjmjL�f�H�
Zn�H���klu�kt¥{q{8�>�L�Á¡mhk�Hrs{8p*|qlulU{Y��ÃÜt}{�{Y� ÅKh��kj�{8lu�R� pL���H�Öt4l���lulu��h�nq�R�R�k�k«H|�ruhk�RjLpL�

t4�kh�|�{Yp>nqpR|�{8p�t}rul&|qlulU{Y��Ãæt¥{q{Y��ÅKh��kj�{8lu���R�u�^��}�o|¤Z��~D~'�²o|�����¡����xâ±²rurst4l�ÅKhk�kj�{8ls���Hrut
¡���ls�k���R�R�qlU{8t4rU{;�HÃ&|qt£t4l��Hrst�ÅKhk�kj�{8ls��r�pRls�kj�pHpR�âx§±c|�lu��t4��jlsjm|ql�`;ÅKh��kj�{8lu�mb

f :
Zn → Z

Ã
f([t]) = t

Ã²t}l��Hrut�¡��m�lu�k���H�R��ls{qt4rs{;�RÃ§|�lururu�
f([t + n]) 6= f([t])

Ã
�LpRlujmj�p

[t + n] = [t]
x&yft4��|ql nqpHpR�ÆÅKhk�kj�{8ls�

f : Zn → Zn

Ã
f([t]) = [2t]

�H�
¡���ls�k���R�R�qlU{8t4rU{;�/g(pLhk|qt}t4�
¨Xx �æÙÚlU�kÛ��k��nqpRrsr�p�ãRn��H|

[a] = [b]
ÙKt4rul

a ≡ b
Û¥Ãâ�klslu�

�%�H«R|
[2a] = [2b]

ÙKt4rsl
2a ≡ 2b

Û¥Ã�|�lururu�%|qt}rs�L�R|D{8l
2 ≡ 2

x
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�&t}�q�ªh�{8pHpL{qlu�VÙKt4�k��x��Z���²� �^�Ïk'�<oN�m¤Û���t4��jmls{8|�t4tinq�R�Kn�t}|�{;�jm|qt4�V�LpRls¡m{q��p�x��&t}�q�ªh�
{YpHp�{8lu�Rls{Yp��LpR�D{8t}��{YpL���ls{8pHpR�Øn��HhkjmjR�kÃkn��H�kj�p/pRrujmlu�Rlu�kt}�Ønq�L�Kn�t4|D{;�|�{Y���LpRlu¡k��t4rU�
r�pHpL�âx q rut¥{8t¥{YpHpR�ÄÃkt}{�{Y�V{Y�R����n��HhkjmjR���H�/�H�R��t4rurslu�kt}�âx
� EáËZEdwx_y_yvm:>=)C4\<tu_BE�¿R�HhkjmjR�

A
�H� ~D~'�����|�¡o|¤���¤�Ãæn��H|0n��Hrsrut}jls�

n ∈ Z+

�H�
�Hrut}��pL|q|8p�³kl n�t4j�{8ls�

f : {0, . . . , n − 1} → A
xiÈ��Lruru«Rlu��n��Hh�jR�H�

A
k'�7imoN�mo<n^��¤

�¡�#im�^��~D~'��~��R�
n
x

 �R��t4rsrulu��t4� n��HhkjmjR�
A
�H�Hls��pHpR��|qlslu|ÜpRlu��p9|8pR��pRls|�{YpRp9�ªh��R{8��p

{0, . . . , n− 1}�Hrut¥�LpHpR��n��HhkjmjR��H�âx�y�pR��pRlu|D{8hk|�lurs��pLlu|�{8pHpR��h�|qt4ls�Êrs�¡��Ht}|�{qlXjmlu�Çn��Hls{�{YpR��pRrurup
A = {a0, . . . , an−1}

x
� EuàBEdwx_y_yvm:>=)C4\<tu_BEX �R��t4rurslu|�t4��n��HhkjR�R�

A = {a0, . . . , an−1}
�Z����� �^�NkDk'��oN�

�H�À³�lon�t4j�{qluls�ls�kt4��jmh��LpRhk|
φ : A → A

x(�&t}�q�ªh�{8pHpL{qlu�£t4|qlU{8t¥{Y�H�R���ªhk��k�H|�|8p
φ =

( a0 a1 ... an−1

φ(a0) φ(a1) ... φ(an−1)

) x
rsA):<tuC#v�@B@L:MEX¿R�RhkjR�H�

{0, 1, 2}
t4�q�R|��Õt}�q�ªh�{8pHpL{qlu���H�

( 0 1 2
1 0 2 )

Ã�{q�Hlu�kt}���H�
( 0 1 2

2 0 1 )
x

� EuÝBEdº;�Q?2t»:<?QE ¢/luj��RrslR�¯t4�q�%h�{8�HlU{YpF�Lp�n��HhkjmjL���R�
{0, . . . , n − 1}

ÃF�klslu� t}|qlM�
{;�j|�t4�

φ =
(

0 1 ... n−1
φ(0) φ(1) ... φ(n−1)

) �rst4���klâ�qlU�lâ�H��{8hk��¡�p�xkÈ��R|�|8�J{YpR��pLhkjm|qt4|�|8p
�Õt}�q�ªhf{YpHpL{qlu��t}|qls{qt}{8�H�R�kjmlu�9hk|�t4lu��n��H�k�H�%hk�f���H|q|qp

φ = φ(0), φ(1), . . . , φ(n−
1)
x�¿R�R|

n ≤ 10
Ã��R�Hlu��pRpR���%�R«H|���lurujmh�{ânq�L{�{Y�H���¯�Hlu|}xfç0�Rlu��|qlslu|

102 = ( 0 1 2
1 0 2 )nqp

201 = ( 0 1 2
2 0 1 )

x
� EUÌQEd¼�ey��A,C5E[¿R�HhkjL�H�

{0, . . . , n − 1}
�Õt}�q�ªhf{YpHpL{qlu�HlU{Yp��H�

n! = 1 ·2 · . . . ·njm�krÎÃk��lu|�|8�
0! = 1

x
½�¾¿ÁÀ|Â�ÃQÄhÂ^Å�;�k��hkj�{8lu��ã(�jm|qlupRrujmlu�Rlu|qt}��n��HhkjR�R�

{0}
�Õt}�q�ªhf{YpHpL{qlu�HlU{YpØ�H��|qt}rU�

�L�R|�{ql
0! = 1

jm�krÎx q rut¥{8t}{8pHpR�âÃt}{�{Y���
n− 1 � �;pRrujmls�Hlu|�t4��n��RhkjR�H� {0, . . . , n− 2}�Õt}�q�ªhf{YpHpL{qlu�HlU{Yp��H�

(n−1)!
jm�krÎx�©�hk|�{8pRjmlu�9{Y�Rrsr�pRls|qt4|D{Yp��¯t4�q�%h�{YpHp�{8lu�R|�{Yp�|qpHp��

��pHpR�
n−1

j�pR�k��pRrst}{�{Yp×n��HhkjL�H�
{0, . . . , n−1}

�¯t4���ªh�{8pHpL{8ls�R{YpfÃLjmhk��pRrujmls�R{Yp
n−1

pR|qt¥{8t}{8pHpR���Õt}�q�ªhf{YpHpL{qlu�H�Vt}�ql��L�Rrut}lu¡kls�âxMÏâyflslu|����×n��HhkjL�H�
{0, . . . , n−1}�Õt}�q�ªhf{YpHpL{qlu�Hls�kt4��ruhkjmhk���H�R�q�ª�H�

(n − 1)! · n = n!
x

�
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rsA):<tuC#v�@B@L:ME¯¿R�HhkjR�R�
{0, 1, 2}

�¯t4���ªh�{YpRpL{8ls�Hls{8p��R�
3! = 6

jm�kráxkç0�R���[���LpL{
Â�w��fÃkÂ��fwHÃâwFÂ��fÃâw��LÂ�Ã��RÂfw�nqp��fwFÂ�x
º;�Q?2t»:<?QE²g�pRh�|qt4t}�Á¬Xx �Jnqp/���H�R��ls{qt4ru���R��¬XxUwØ�k��nqpRrurupØ��ls�kj���{8pR¡�pR�k|qp

n
�

pRrujmls�Hlu|�t4�[n��HhkjL�H�£�Õt}�q�ªh�{8pHpL{qlu�Hls�kt4�Ørshkjmhk���H�R�8�ª�R�
n!
x

� EußBEdwxC^v�@L:<èª=�_�E9¿R�HhkjR�R�
{0, . . . , n − 1}

jLpLlujmjmlut4���¯t4���ªh�{YpRpL{8ls�Hlu�kt}�cn��Hh�j��
jR��pJ��t4�qjmlU{Y�H�R��|D��ª³Õ�Rrulursr�p
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a+k−1
n−1

)

− k ( a+k
n )

= (n + 1)
(

a+k
n+1

)

+ n ( a+k
n ) − k ( a+k

n )

= n
((

a+k
n+1

)

+ ( a+k
n )

)

+
(

a+k
n+1

)

− k ( a+k
n )

= n
(

a+k+1
n+1

)

+
(

a+k
n+1

)

− k ( a+k
n )

= n
(

a+k+1
n+1

)

+
(

a+k
n+1

)

+ k
((

a+k
n+1

)

−
(

a+k+1
n+1

))

= (k + 1)
(

a+k
n+1

)

+ (n − k)
(

a+k+1
n+1

)

.

�

�äE¢-BEd¼�ey��A,CÙØ"! ?5v��Á:|=$#D@�¹�Ú�E q rsjR��H�
a ∈ N

nqp
n ≥ 1

xkÈ��Lruru«Rlu�

an =

n−1
∑

k=0

〈 n
k 〉 ( a+k

n ) .

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å�;�k��hkj�{8lu��xkg�pRhk|�tX���L{qt4t�pL���H�Rrur�p
n = 1

Ãm|�lururu�
〈 0

0 〉 ( a
1 ) = 1 · a =

a
xæç��m{

an+1 = a · an

1)
=

n−1
∑

k=0

〈 n
k 〉 a ( a+k

n )

2)
=

n−1
∑

k=0

(k + 1) 〈 n
k 〉

(

a+k
n+1

)

+
n−1
∑

k=0

(n − k) 〈 n
k 〉

(

a+k+1
n+1

)

3)
=

n−1
∑

k=0

〈 n+1
k 〉

(

a+k
n+1

)

+

n−1
∑

k=0

(n − k) 〈 n
k 〉

(

a+k+1
n+1

)

−
n−1
∑

k=0

(

n − (k − 1)
)

〈 n
k−1 〉

(

a+(k−1)+1
n+1

)

4)
=

n−1
∑

k=0

〈 n+1
k 〉

(

a+k
n+1

)

+

n−1
∑

k=0

(n − k) 〈 n
k 〉

(

a+k+1
n+1

)

−
n−2
∑

k=0

(n − k) 〈 n
k 〉

(

a+k+1
n+1

)

=

n−1
∑

k=0

〈 n+1
k 〉

(

a+k
n+1

)

+
(

n − (n − 1)
)

〈 n
n−1 〉

(

a+(n−1)+1
n+1

)

=

n−1
∑

k=0

〈 n+1
k 〉

(

a+k
n+1

)

+ 〈 n+1
n 〉

(

a+n
n+1

)

=

n
∑

k=0

〈 n+1
k 〉

(

a+k
n+1

)

.
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�¡m{8�Rru«R|q|8����Û&g(pLhk|qt¥{q{Yp�°%xåvkÙKlulÇÛöx�c ¡�{Y�Rrs«��mÛ&|qt}hk�8pRp9|�luls{8��Ã�t}{q{8�

0 ≤ k ≤ n−1

⇔ −1 ≤ k − 1 ≤ n − 2
nqpV|qlulU{Y��Ãft}{�{Y�

〈 n
−1 〉 = 0

x
IÀ�R�q�klU{�ê4j���%j�pHpF�Lp����L{qt4t×�%�H«H|}Ã�jh��

a
�R�[��tFpHpRrslurshkjmh�ÙÚ�%�R«H|&³�lu�k�H��lujLt4���q�Hls�

�H�Hls��pHpR�%r�pHp�n�t}��{YpHp ��tFpHpRrslurshkjmhklu¡kls�æÛ¥xFg(pRp�n�t4����ls�ª±²hkrst4�qls�ªruhf�fh�lu|�{8p0{8t}�Hjm|qt}|D�
|8p£É7¨�Íáx
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r§EÚËZEîwx_y_yvm:|=�C^\�t×_BE('{ø'Þ,o|�#l Ç �^¤Him��oN�
µ : Z+ → {−1, 0, 1}

���H�R�qlU{8t}rur��R�R�
|qt}hk�8pHpF�LpR|D{8lÎã��RrujR��H�

n ∈ Z+
nqpV�HrsjR��H�

n
ã ��pRrsjmhkruhkjmhkt}|qlU{;�f|

n = pe1

1 pe2

2 · · · pek

k .
Ùá��Û
È��Rrurs«Hlu�

µ(n) = 1,
n��H|

n = 1
Ã

µ(n) = 0,
n��H|

ei > 1
n��Hrsrut4jmls�

i
Ã

µ(n) = (−1)k,
n��H|

ei = 1
j�pRlujmlsrur�p

i
x

È&�Rlu|qls��|qpR�k�t4�
µ(n) = 0

ÃFn��H|
n
ã rur����H��hk|qt4pR����lujRt}��{8pRlu|�l�p9pRrujmhkrshkjmh�{8t}jl n�«Hls{8�

nqpª�ªhkhk|�|8pª{YpL��pRhkjm|qt}|q|qp
µ(n) = ±1

|�t4�£�ªhkj�pHpR�ÄÃf�H��jR�
n
ã �£pRrujmhkrshkjmh�{8t}jlM�

n�«Hlu��t4��ruhkjmhk���H�R�q�ª��pR��lururslu�kt}���LpRli��pL�qls{q�H�âx

r§EsàBEî¼ÐC^t»tueBE q rsjR��H�
n ∈ Z+

x�È��Rrsru«Hls�
∑

d|n

µ(d) =

{

1,
n��H|

n = 1

0,
n��H|

n > 1
Ã

��ls|q|q�ª|qhk����p�{YpHpR���rul
n
ã �/j�pRlsjjmlst4���Õ�R|qls{qlulU�fls|�{qt4��{qt4jmlon�«Hls�kt4�

d
x

½�¾¿ÁÀ|Â�ÃQÄhÂ^Åc¿R�H|
n = 1

Ã��kluls�
d = 1

nqp
µ(d) = 1

x�¿R�H|
n > 1

nqp
n
ãÔ�

pRrujmhkrshkjmhkt4|�ls{;�|��R��jmh�{8t}��jR�H¡���pR|q|qp�ÙDw�ÛöÃmjls�Kn��HlU{8t¥{YpHpR�
n∗ = p1p2 · · · pk

xf¿R�H|
���{

d | n
nqp

d - n∗ ÃÄ�kluls� d
ãÔrsr����H�
hk|�tFpR���klujLt4�D{YpRls|ql�p�pRrujmhkrshkjmh�{8t}jl n�«Hls{8��nqp

µ(d) = 0
x¯yflslu|����

∑

d|n

µ(d) =
∑

d|n∗

µ(d).

©0�H|�j�p
k
ã |�{8p�pRrsjmhkruh��hk|D{Yp*�H�Hls��pHpR�

i
ã �ÒpLrujmhkruhf�fh�� {8h�ru�Á�ªhk��k�H|D{YpHp

( k
i ){YpF�LpRrurup�nqpVjR�H|�j�p���luj��[{YpL¡�pR�k|qpJ{8�RrurupRlu�kt}��{8h�ru�V�H�£ruh��hk�

n
{8t}jmlonq��Ãk�k�L{8t}t

∑

d|n∗

µ(d) =

k
∑

i=0

(−1)i ( k
i ) =

k
∑

i=0

( k
i ) (−1)i1k−i = (−1 + 1)k = 0.

Ùá±²�k|�lu�����Rls|qt}|q|8���¡m{8�R|qh�hk�qhkh��kt4|�|8p
i = 0

�LpR|�{8pHp/{8t}jmlonq�H�
w9nqp/�luls��t}lu�kt}�
�¡m{8�R|qh�hk�qhkh�|X|qt}hk�8pRp�³kls�k�H��luj�pHpF�LpR|�{8p ∑k

i=0 ( k
i ) xiyk−i = (x + y)k x Û

�

p�*



r§EsÝBEî¼ÐeZ�hA,C¯Ø�w)�+*Á:<�hA):�è2±ªC#vmA):>?BÚ�E q rujL�f�L{
f
nqp

g
ÅKhk��jm{qlu�HlU{Yp

Z+ → A
Ã

��ls|q|q�
A
�H���¡�{8t}t4�krupR|qjmhkrsr�p��LpR�qhk|D{8t¥{q{8h�n��HhkjmjR�ØÙÚt4|�lu�£x

Z
ÛöxfÈ��Lruru«Rlu�V|qt}hk�8pRp��

�LpL{��>�Rp�{��f¡�{8�R�kls{8�F�flu��ã
ÙÚlÇÛ

f(n) =
∑

d|n

g(d)
jLpLlujmlursr�p

n ∈ Z+

ÙÚlul�Û
g(n) =

∑

d|n

µ(d)f(n/d)
j�pRlujmlursr�p

n ∈ Z+

x

½�¾¿ÁÀ|Â�ÃQÄhÂ^Å�ÙKlÇÛ
⇒
ÙÚlul�Û¥ã�©0�H|�jLp

f(n/d) =
∑

m|(n/d)

g(m)
jLpLlujmlursr�p

d | n
Ã

�kluls�
∑

d|n

µ(d)f(n/d) =
∑

d|n

µ(d)
∑

m|(n/d)

g(m),

nqpVt4�kt}rurut}t4�
∑

d|n

µ(d)
∑

m|(n/d)

g(m) =
∑

dm|n

µ(d)g(m) =
∑

m|n

g(m)
∑

d|(n/m)

µ(d).

¢/h�{�{Yp�g�t}����pR��±�xå�J�ªh�jLpRpR�
∑

d|(n/m)

µ(d) = 0

��pRlU{8|qlÄ|qlursru�Hls�âÃmjmhk�
m = n

ÃLn��R{8t}�/j�pRlsjRt4��j�pRlsjjmlupHpR��|8pRpR��pHpR�
∑

d|n

µ(d)f(n/d) = g(n),

��lsj��ª�Hrul¯{8��klu|D{8t}{�{YpF�Lp�x
©0�H¡�{8p/ÙKlul�Û

⇒
ÙKlÇÛÜ{q�f�kls|�{qt}{YpRpR�Ø{Y�F�|qls�£�LpR|D{YpHpF�LpR|�{qlÎx

�

¢/«H³klshk|qls���Ht4��|qls�R{Ypªj��F�m{8t}{8�H�R�£ruh��hk|�|8pV�kÃkrslu|q�H�%t4|�lu��t4��jjLt6nq�ª{8t}�Hjm|qt}|q|8p/É¡©Íáx
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-jEÚË5Eîwx_y_yvm:>=)C4\<tu_BE®µ5�4�^¤Z¤2k'���<�ù}'����i�iD�&jR��H|D{8hkh9�H�R��t4rsrulu|�t4|D{Y��n��Hh�jR�H|D{Yp
V =

{v1, . . . , vn}
Ù�l��m�¡� �²�)��¤ù�)�m�Di�iD��Ã�t4���kxk�Ht}��{8tö¤£|qt¥{öÛ(nqp0n��HhkjR�R|�{Yp

E ⊂ V × VÙ&¤Z�Z�m�¡oN��¤]�)�m�Di�iD��Ã(t4�k�kx§t4�k�Ht�|qt}{YÛ¥xc¿R�R|
(v1, v2) ∈ E

Ã§�klslu��|qpR�k�R{8pHpR�âÃ&t}{�{Y�
|q�Hrs�ªhk|D{Yp

v1

jmhkrujLt4t��mhk�Hrsli|q�Hrs�ªhkhk�
v2

x
-jEsàLEîwx_y_yvm:>=)C4\<tu_BE q rujR��H�

(V, E)
|�hkhk�k�kpL{q{qh��Rt4��jjL�Ænqp

v ∈ V
t}�8�R|

|q�Hrs�ªhâxæy�Hru�ªh�rurut
v
���H�R��ls{8t}ruru�H�R�]���^�¢�,kml��M�(n��HhkjL�H�

{u ∈ V | (u, v) ∈ E}pRrujmls�Hlu�kt}�Øruh�jh����H�L�8�R����nqpª�LpR|D{YpHpF�LpR|�{qlT�ã~m�^�Mø,kml�����n��HhkjR�R�
{w ∈ V | (v, w) ∈ E}pRrujmls�Hlu�kt}�%rshkjmhk���R�R�8�R�k��xLÈ(�Hls|qlu�%|8pR�k�t4�J|��Hru�ªh��

v
{qhkru��pL|�{8t��H�V�klslu�kt}�V�h��L�

rulst4��ruhkjmhk���H�R�q��Ãfn��R{qjLp����H��{q{;�m�L�L{%|��Hru�%hkhk�
v
Ã�nqp�|q�Hrs�ªhk�

v
ru�R¡�{8«�pR|D{8t��H�

�kluls�kt4���mhk�Hrslut}��ruhkjmhk���H�R�q��Ã�n��R{qj�pJru�R¡�{8t¥�R��{�|q�Hrs�ªhk|�{8p
v
x

-jEsÝLEîwx_y_yvm:>=)C4\<tu_BE/.ù~'}'���¡�[�Ht}�qjL�Hrurup
(V, E)

�H��n��H�k��|q�Hrs�ªh�nqp
v0, . . . , vk|qlU{8t4�ÄÃ¯t¥{q{8�

(vi, vi+1) ∈ E
j�pRlujmlsrur�p

i = 0, . . . , k − 1
xÕ©9�F�Rt4rs�

v0, . . . , vk

�H�
l��4� �)���<�<�fÃ�n��H|

v0 = vk

x²yhkron�t¥{q{8hÀjL�F�Rt4rs���khk�Rrut4|D{YpHpL�*�H� l���im�¡oÇÃ�n��H|
vi 6= vjpRlu�kp�Ã�jmhk�

i 6= j
x

©��>�Rt4rU�%�H�V|�luls|�n��H����|q�Hrs�ªh�nqp0|�ls{qt4�âÃLt}{q{8�X|q�Rru�ªhk|D{YpX|�t4hk�qpHpF�LpHpR�V���H�L|qt4t��mhk���
rut}rur�pfx�©��F�Ht}rs���H��|qh�ron�t}{�{8hâÃLn��R|��lslu��t4lu��t4��|q�Rru�ªh��H�£|8pR��pVjmhklu�£t4�k|�lu�����LlU�
�kt4�Äxiy�jmrul&�H�Æ|qhkr n�t}{�{8hÆj��F�Ht4rU�HÃÕ�ªh�{q{8p�|qh�ron�t}{�{8hÆj��F�Ht}rs�/t4l§�L�RrU{q{Y�L���L{�{Y�J�Hrut
|��jmruláxæ¿R�H|�|qhkr n�t}{�{8h�j��>�Rt4rU��t4li�Hrst |��jmruláÃ�|qt�jR��H|�{qhkh£hk|qt4pR����pR|D{YpV|��jmruls|�{Y�fx
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